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Abstract
The concept of canopy spectral invariants expresses the observation that simple algebraic combinations of leaf and canopy spectral
transmittance and reflectance become wavelength independent and determine a small set of canopy structure specific variables. This set includes
the canopy interceptance, the recollision and the escape probabilities. These variables specify an accurate relationship between the spectral
response of a vegetation canopy to the incident solar radiation at the leaf and the canopy scale and allow for a simple and accurate parameterization
for the partitioning of the incoming radiation into canopy transmission, reflection and absorption at any wavelength in the solar spectrum. This
paper presents a solid theoretical basis for spectral invariant relationships reported in literature with an emphasis on their accuracies in describing
the shortwave radiative properties of the three-dimensional vegetation canopies. The analysis of data on leaf and canopy spectral transmittance and
reflectance collected during the international field campaign in Flakaliden, Sweden, June 25–July 4, 2002 supports the proposed theory. The
results presented here are essential to both modeling and remote sensing communities because they allow the separation of the structural and
radiometric components of the measured/modeled signal. The canopy spectral invariants offer a simple and accurate parameterization for the
shortwave radiation block in many global models of climate, hydrology, biogeochemistry, and ecology. In remote sensing applications, the
information content of hyperspectral data can be fully exploited if the wavelength-independent variables can be retrieved, for they can be more
directly related to structural characteristics of the three-dimensional vegetation canopy.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Spectral invariants; Recollision probability; Escape probability; Radiative transfer

1. Introduction
The solar energy that transits through the atmosphere to the
vegetation canopy is made available to the atmosphere by reflectance and transformation of radiant energy absorbed by
plants and soil into fluxes of sensible and latent heat and thermal
radiation through a complicated series of bio-physiological,
chemical and physical processes. To quantitatively predict the
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0034-4257/$ - see front matter © 2006 Elsevier Inc. All rights reserved.
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vegetation and atmospheric interactions and/or to monitor the
vegetated Earth from space, therefore, it is important to specify
those environmental variables that determine the shortwave
energy conservation in vegetation canopies; that is, partitioning
of the incoming radiation between canopy absorption, transmission and reflection.
Interaction of solar radiation with the vegetation canopy is
described by the three-dimensional radiative transfer equation
(Ross, 1981). The interaction cross-section (extinction coefficient) that appears in this equation is treated as wavelength
independent considering the size of the scattering elements
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(leaves, branches, twigs, etc.) relative to the wavelength of solar
radiation (Ross, 1981). Although the scattering and absorption
processes are different at different wavelengths, the interaction
probabilities for photons in vegetation media are determined by
the structure of the canopy rather than photon frequency or the
optics of the canopy. This feature results in canopy spectral
invariant behaviour for a vegetation canopy bounded from
below by a non-reflecting surface; that is, the difference between numbers of photons incident on phytoelements within the
vegetation canopy at two arbitrary wavelengths is proportional
to the difference between numbers of photons scattered by phytoelements at the same wavelengths (Knyazikhin et al., 1998,
2005) and is purely a function of canopy structural arrangement.
A wavelength-independent coefficient of proportionality is the
probability that a photon scattered from a phytoelement will interact within the canopy again—the recollision probability
(Smolander & Stenberg, 2005). The canopy interceptance, defined as the probability that a photon from solar radiation incident on the vegetation canopy will hit a leaf, is another
wavelength-independent variable (Smolander & Stenberg,
2005) which is directly derivable from the canopy spectral
invariant. The canopy spectral absorptance is an explicit function of the wavelength-independent recollision probability and
canopy interceptance, and wavelength-dependent absorptance
of an average leaf. These three variables, recollision probability,
canopy interceptance and leaf absorptance, therefore, determine
the partitioning of the top of canopy radiation into its absorbed
and canopy leaving portions.
The spectral invariant relationships have also been reported
for canopy transmittance (Panferov et al., 2001; Shabanov et al.,
2003) and reflectance (Disney et al., 2005; Lewis et al., 2005),
suggesting that the canopy leaving radiation can further be
broken down into its reflected and transmitted portions. Wang
et al. (2003) hypothesize that a small set of independent variables that appear in the spectral invariant relationships suffice to
fully describe the law of energy conservation in vegetation
canopies at any wavelength in the solar spectrum. Such a result
is essential to both modeling and remote sensing communities
as it allows the measured and modelled canopy signal to be decomposed into structurally varying and spectrally invariant
components. The former are a function of canopy age, density
and arrangement while the latter are a function of canopy biochemical behaviour. Consequently, the canopy spectral invariants offer a simple and accurate parameterization for the
shortwave radiation block in many global models of climate,
hydrology, biogeochemistry, and ecology (Bonan et al., 2002;
Dickinson et al., 1986; Potter et al., 1993; Raich et al., 1991;
Running & Hunt, 1993; Saich et al., 2003; Sellers et al., 1986).
For example, Buermann et al. (2001) reported that a more
realistic partitioning of incoming solar radiation between the
canopy and the ground below the canopy in the NCAR Community Climate Model 3 (Kiehl et al., 1996, 1998) results in
improved model predictions of near-surface climate.
In remote sensing applications, the information content of
hyperspectral data can be fully exploited if the wavelengthindependent variables can be retrieved, for they can be more
directly related to structural characteristics of the vegetation
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canopy. For example, both the recollision probability and the
leaf area index (LAI) can be derived from hyperspectral data
(Wang et al., 2003). At a given effective LAI, the recollision
probability of the coniferous canopy is larger than its leaf
canopy counterpart due to within-shoot photon multiple interactions (Smolander & Stenberg, 2005). The recollision probability combined with the LAI, therefore, has a potential to
discriminate between broadleaf and coniferous canopies. Such
canopy spectral invariant relationships have been exploited in
developing algorithms for retrieving LAI and fraction of absorbed photosynthetically active radiation (FPAR) from satellite
data of varying spectral band composition and spatial resolution
(Tian et al., 2003).
Smolander and Stenberg (2005), however, question the validity of the spectral invariant for canopy transmittance. They

Fig. 1. Canopy (panel a) and needle (panel b) spectral reflectance (vertical axis
on the left side) and transmittance (vertical axis on the right side) for a Norway
spruce (P. abies (L.) Karst) stand. Arrows show needle and canopy absorptance.
The needle transmittance and albedo follow the regression line τL = 0.47ω − 0.02
with R2 = 0.999 and RMSE = 0.004. Measurements were taken during an
international field campaign in Flakaliden, Sweden, June 25–July 4, 2002
(WWW1, 2002).
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show that while the recollision probability and canopy interceptance perform well in estimating the spectral absorption of
both homogeneous leaf and shoot canopies, a proposed structural parameter for separation of downward portion of the canopy leaving radiation (Knyazikhin et al., 1998; Panferov et al.,
2001; Shabanov et al., 2003) can fail to predict spectral transmittance of the coniferous canopy and spectral transmittance of
the leaf canopy at high LAI values. Panferov et al. (2001)
suggest that the spectral invariant relationship is not valid for
canopy reflectance while Lewis et al. (2003, 2005) and Disney
et al. (2005) have demonstrated its validity to describe the
transformation for leaf absorptance spectrum to canopy spectral
reflectance. The lack of physically based definitions of
wavelength-independent variables that determine separation of
the down- and upward portions of the canopy leaving radiation
is responsible for these conflicting results (Smolander &
Stenberg, 2005). The aim of the present paper is to provide a
solid theoretical basis for canopy spectral invariants. More
specifically, it addresses the following three questions. (i) How
can the wavelength-independent structural parameters be defined to achieve an accurate and consistent parameterization
for canopy spectral response to the incident solar radiation?
(ii) How is the recollision probability related to the wavelengthindependent variables that control up- and downward portions
of the canopy leaving radiation? Finally, (iii) How accurate are
these spectral invariant relationships?
The paper is organized as follows. Canopy spectral invariant
relationships reported in the literature are analyzed with data
from an international field campaign in a coniferous forest near
Flakaliden, Sweden, in Section 2 and Appendix A. Expansion
of the 3D radiation field in the successive order of scattering, or
Neumann series, and its properties are discussed in Section 3
and Appendix B. Spectral invariants for canopy interaction
coefficients, reflectance, transmittance and bidirectional reflectance factors and their accuracies are studied in Sections 4–6.
Simplified spectral invariant relationships for use in remote
sensing and model studies are analyzed in Section 7. Finally,
Section 8 summarizes the results.

(mean upward radiation flux density at the canopy top) to the
downward radiation flux density above the canopy. Similarly,
canopy absorptance is the portion of radiation incident on the
vegetation canopy that the canopy absorbs. These variables are
the three basic components of the law of shortwave energy
conservation which describe canopy spectral response to incident solar radiation at the canopy scale. If reflectance of the
ground below the vegetation is zero, the portion of radiation
absorbed, a(λ), transmitted, t(λ), or reflected, r(λ), by the canopy is unity, i.e.,

2. Canopy spectral invariants: observations

iðkÞ ¼

The aim of this section is to illustrate the canopy spectral
invariant relationships reported in the literature and to introduce
their basic properties using field data collected during an
international field campaign in Flakaliden, Sweden, June 25–
July 4, 2002. A description of instrumentation, measurement
approach and data processing is given in Appendix A.1. It
should be noted that the spectral invariant is formulated for a
vegetation canopy bounded from below by a non-reflecting
surface. However, we will use measured spectra without correcting for canopy substrate effects (i.e., the fact that observed
canopies do not have totally absorbing lower boundaries). The
impact of surface reflection on canopy reflectance, absorptance
and transmittance is discussed in Appendix A.2 and summarized in Fig. A1.
The canopy transmittance (reflectance) is the ratio of the
mean downward radiation flux density at the canopy bottom

For a vegetation canopy bounded at its bottom by a black
surface, this variable is the mean number of photon interactions
with phytoelements at wavelength λ. The portion of photons
scattered by leaves is ω(λ)i(λ). If ω(λ) = 0, the canopy interaction coefficient, i0, is the probability that a photon from the
incident radiation will hit a phytoelement—the canopy interceptance (Smolander & Stenberg, 2005). For a vegetation canopy with non-reflecting leaves, the canopy absorptance and
interceptance coincide.
Fig. 2a shows the interaction coefficient, i(λ), and mean portion of photons scattered by leaves, ω(λ)i(λ), as a function of
wavelength derived from measured spectra shown in Fig. 1
using Eqs. (2) and (3). The canopy spectral invariant states that
the difference, i(λ) − i(λ0), between portions of photons incident
on phytoelements at two arbitrary wavelengths, λ and λ0, is

tðkÞ þ rðkÞ þ aðkÞ ¼ 1:

ð1Þ

Fig. 1a shows canopy transmittance and reflectance spectra
of a 50 m × 50 m plot with planted 40-year-old Norway spruce
(Appendix A.1). This plot had been subjected to irrigation and
fertilization since 1987. The effective LAI is 4.37.
The leaf transmittance (reflectance) is the portion of radiation
flux density incident on the leaf surface that the leaf transmits
(reflects). These variables characterize the canopy spectral behavior at the leaf scale, are determined by the leaf biochemical
constituents, and can vary with tree species, growth conditions,
leaf age and their location in the canopy space. The leaf albedo,
ω(λ), is the sum of the leaf reflectance, ρL(λ), and transmittance,
τL(λ), i.e.,
xðkÞ ¼ qL ðkÞ þ sL ðkÞ:

ð2Þ

Fig. 1b shows spectral transmittance and reflectance of an
average needle derived from the Flakaliden data (Appendix A.1).
Measured spectra shown in Fig. 1a and b are used in our
examples.
2.1. Canopy spectral invariant for interaction coefficient
The canopy interaction coefficient, i(λ), is the ratio of the
canopy absorptance a(λ) to the absorptance 1 − ω(λ) of an
average leaf (Knyazikhin et al., 2005, p. 633), i.e.,
aðkÞ
1−tðkÞ−rðkÞ
¼
:
1−xðkÞ
1−xðkÞ

ð3Þ
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Setting ω(λ0) = 0, Eq. (4) can be rearranged to the form
iðkÞ½1−pxðkÞ ¼ i0 :

ð5Þ

This equation has a very simple interpretation. The probability that photons incident on phytoelements will be scattered
and will interact within the canopy again is pω(λ). The probability 1 − pω(λ), therefore, refers to those photons incident on
phytoelements which either will be absorbed or will escape the
vegetation as a result of the scattering event. The portion of
intercepted photons, i0, therefore, is the product of the mean
number of photon-vegetation interactions, i(λ), and the portion,
1 − pω(λ), of photons removed from the vegetation canopy as a
result of one interaction.

Fig. 2. Panel (a): mean number of photon–vegetation interactions (interaction
coefficient), i(λ) (solid line), and mean portion, ω(λ)i(λ) (dashed line), of
scattered photons as a function of wavelength. Eqs. (2) and (3) are used to
derive these curves from data shown in Fig. 1. Panel (b): frequency of values of
the recollision probability calculated with Eq. (4) using all combinations of λ
and λ0 for which λ N λ0 and |ω(λ)i(λ) − ω(λ0)i(λ0)| N 0.001. A negligible portion
of the values exceeds unity due to ignoring the surface contribution (Wang et al.,
2003) and measurement errors.

proportional to the difference, ω(λ)i(λ) − ω(λ0)i(λ0), between
portions of photons scattered by phytoelements at the same
wavelengths, i.e., the ratio
p¼

iðkÞ−iðk0 Þ
;
iðkÞxðkÞ−iðk0 Þxðk0 Þ

ð4Þ

remains constant for any combinations of λ and λ0 (λ ≠ λ0). The
coefficient of proportionality, p, is the probability that a photon
scattered from a phytoelement will interact within the canopy
again—the recollision probability (Knyazikhin et al., 2005;
Panferov et al., 2001; Smolander & Stenberg, 2005). Fig. 2b
shows the frequency of values of the recollision probability
corresponding to all combinations of λ and λ0. Their distribution suggests that the ratio (4) is invariant with respect to the
wavelength.

Fig. 3. (a) Reciprocal of i(λ) and (b) ω(λ)/[i(λ) − i0] versus values of the leaf
albedo ω(λ) derived from data shown in Fig. 1. The recollision probability,
p = 0.91, and canopy interceptance, i0 = 0.92, are derived from the slope and
intercept of the line in panel (a) first. The interceptance, i0 = 0.92, is then used to
calculate ω(λ)/[i(λ) − i0]. In order to avoid division by values close to zero,
wavelengths for which i(λ) − i0 ≥ 0.1 are used to generate scatter plot in panel (b).
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Eq. (5) can be rearranged to a different form which we use to
derive p and i0 from field data, namely,
1
1 p
¼ − xðkÞ:
iðkÞ i0 i0

ð6Þ

If the reciprocal of the canopy interaction coefficient calculated from measured canopy absorption and needle albedo
(Eq. (3)) is plotted versus measured needle albedo, a linear relationship is obtained (Fig. 3a). The recollision probability, p,
and canopy interceptance, i0, can be specified from the slope
and intercept.
Smolander and Stenberg (2005) suggested that the recollision
probability may be assumed to remain constant in successive
interactions. Given i0, the interaction coefficient formulated for
photons scattered one and more times is j1(λ) = i(λ) − i0. If the
above assumption is true, then, as follows from Eq. (5), j1(λ)[1 −
pω(λ)] = pω(λ)i0, and thus, the ratio ω(λ)/j1(λ) is a linear function with respect to the leaf albedo. As one can see from Fig. 3b,
the data support the hypothesis of Smolander and Stenberg.
The canopy absorption coefficient, a(λ)/i0, is the absorbed
portion of photons from the incident beam that the canopy intercepts (Smolander & Stenberg, 2005). It follows from Eqs. (3)
and (5) that
aðkÞ
1−xðkÞ
:
¼
i0
1−pxðkÞ

ð7Þ

The portion of intercepted photons that escape the canopy in
up- and downward directions, or canopy scattering coefficient,
is s(λ)/i0 = 1 − a(λ)/i0, i.e.,
sðkÞ
1−p
:
¼ xðkÞ
i0
1−pxðkÞ

ð8Þ

Fig. 4 shows correlation between canopy scattering coefficients
derived from measured spectra (Fig. 1) using equation 1 − a(λ)/
i0 with i0 = 0.89 (Fig. 3b) and from calculations using Eq. (8)
with p = 0.93 (Fig. 3b).
The canopy absorption and scattering coefficients link canopy
spectral behavior at the canopy and the leaf scales. Indeed, the
ratios a(λ)/i0 and s(λ)/i0 (canopy scale) are explicit functions
of the leaf spectral albedo (leaf scale) and the wavelengthindependent recollision probability. The recollision probability,
therefore, is a scaling parameter that accounts for a cumulative
effect of the canopy structure over a wide range of scales. Theoretical analyses (Knyazikhin et al., 1998) and Monte Carlo
simulations (Smolander & Stenberg, 2005) suggest that the recollision probability is minimally sensitive to rather large changes
in the direction of the incident beam. The canopy absorption and
scattering coefficients, therefore, describe intrinsic canopy properties that determine the partitioning of the incident radiation into
its absorbed and canopy leaving portions. One of the uses of these
properties is in the interpretation of data acquired by spectroradiometers of different spectral bands and different resolutions
(Disney et al., 2006; Knyazikhin et al., 1998; Myneni et al., 2002;
Rautiainen & Stenberg, 2005; Tian et al., 2003; Wang et al.,
2003).

2.2. Canopy spectral invariant for reflectance and transmittance
A scattered photon can escape the vegetation canopy through
the upper or lower boundary with probabilities ρ and τ, respectively. Obviously, ρ + τ = 1 − p. Unlike the recollision probability
p (Fig. 3), the escape probabilities ρ and τ vary with the number
of successive interactions. They, however, reach plateaus as the
number of interactions increases (Lewis & Disney, 1998). The
number of interaction events before this plateau is reached depends on the canopy structure and the needle transmittance–
albedo ratio (Rochdi et al., 2006). Monte Carlo simulations of
the radiation regime in 3D canopies suggest that the escape
probabilities for up- and downward directions saturate after two
to three photon–canopy interactions for low to moderate LAI
canopies (Lewis & Disney, 1998). This result underlies the
following approximation to the canopy reflectance proposed by
Disney et al. (2005),
rðkÞ ¼ xðkÞR1 þ

xðkÞ2 R2
;
1−pr xðkÞ

ð9Þ

where R1, R2 and pr are determined by fitting Eq. (9) to the
measured reflectance spectrum.
If the probability ρ remains constant in successive interactions, then R1 = ρi0, R2 = ρpi0 and pr = p. In this case, the first
term gives the portion of photons from the incident flux that
escape the vegetation canopy in upward directions as a result of
one interaction with phytoelements. The second term accounts
for photons that have undergone two and more interactions.
Violation of the above condition results in a transformation of
ρi0, ρpi0 and p to some effective values R1, R2 and pr as a result
of the fitting procedure. The difference between the probabilities and their effective values depends on how fast the escape
probability ρ reaches its plateau as the number of interactions
increases. A detailed analysis of this effect will be given in

Fig. 4. Correlation between canopy scattering coefficients derived from data
shown in Fig. 1 using equation 1 − a(λ)/i0 and from calculations using Eq. (8).
Data corresponding to the spectral interval 709 ≤ λ ≤ 900 nm are used to generate this plot. This interval excludes the noisy data (λ N 900 nm) and wavelengths for which 1 − a(λ)/i0 b 0.05 (λ ≤ 709 nm).
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Sections 5 and 7. A simpler expression, assuming R2 = prR1, can
also be used, with a reduction in accuracy of the approximation
(Disney and Lewis, 2005).
Fig. 5 shows correlation between measured canopy reflectance and canopy reflectance evaluated using Eq. (9) with
R1 = 0.15, pr = 0.59, and R2 = prR1 = 0.09. One can see that field
data follow the relationship predicted by Eq. (9) and therefore
support the approximation proposed by Disney and Lewis. In
this example, R1 and pr give the best fit to the measured reflectance spectrum. These coefficients can also be obtained
from the slope and intercept of the regression line derived from
values of the needle albedo ω and the reciprocal of r/ω at wavelengths from the interval between 700 nm and 750 nm. In this
case, values of ω are uniformly distributed in the interval [0.1,
0.9] and the canopy reflectance exhibits a strong variation with
ω. These features allow us to minimize the impact of ground
reflection and measurement uncertainties on the specification of
R1 and pr from the regression line.
Panferov et al. (2001) suggest that, if the needle transmittance to albedo ratio τL(λ)/ω(λ) does not vary with the wavelength, the spectral invariant in the form of Eq. (5) holds in the
relationship between canopy transmittance and leaf albedo, i.e.,
t ð kÞ ¼

t0
:
1−pt xðkÞ

ð10Þ

Here t0 is the zero-order canopy transmittance defined as the
probability that a photon in the incident radiation will arrive
at canopy bottom without suffering a collision (Smolander &
Stenberg, 2005). Analogous to Eq. (9), the use of the fitting procedure results in a transformation of the recollision probability to
its effective value pt due to neglecting variation in the escape
probability τ with successive interactions. Fig. 6a shows correlation between measured canopy spectral transmittance (Fig. 1a)
and canopy transmittance simulated with Eq. (10). Although
Eq. (10) poorly approximates the observed canopy spectral transmittance in this particular case, the canopy interceptance,
i0 = 0.92 (Fig. 3a) and zero-order transmittance, t0 = 0.06
(Fig. 6a), follow the expected relationship, t0 + i0 = 1, sufficiently
well. In this example, t0 and pt were specified by fitting Eq. (10)
to the measured transmittance spectrum shown in Fig. 1a.
Fig. 6b shows correlation between measured canopy transmittance and canopy transmittance evaluated with an equation
similar to Eq. (9), namely,
t ð kÞ ¼ t 0 þ

T1 x
;
1−pt xðkÞ
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To summarize, field data on canopy and leaf transmittance
and reflectance spectra support the validity of the theoretically
derived spectral invariant relationships reported in literature.
Two well-defined wavelength-independent variables, the recollision probability and canopy interceptance, and the wavelengthdependent leaf albedo determine the canopy absorptive properties at any wavelength of the solar spectrum. The non-absorbed
portion of the incident radiation can be broken down into its
reflected and transmitted portions. However, no clear physical
interpretation of the canopy structure dependent coefficients, pr
and pt, appeared in the spectral invariant relationships for canopy reflectance and transmittance has been reported. This currently hinders their use in remote sensing and model studies.
3. Canopy spectral invariants: mathematical basis
The data analysis presented in Section 2 suggests that the
recollision and escape probabilities, their effective values and
leaf optical properties allow for a simple parameterization of the
spectral radiation budget of the vegetation canopy with nonreflecting background; that is, partitioning of the incoming
radiation into canopy transmission, reflection and absorption at
any wavelength in the solar spectrum. Its accuracy depends on
how fast the escape probabilities reach their plateaus as the
number of interactions increases. The aim of this section is to
provide mathematical and physical bases for the process of
photon–vegetation successive interactions. The formulations of
Vladimirov (1963) and Marchuk et al. (1980) are adopted.
Let V and δV be the domain where radiative transfer occurs
and its boundary, respectively. The domain V can be a shoot,
tree crown, or a part of the vegetation canopy with several trees,
etc. We use x and Ω to denote the spatial position and direction
of the photon travel, respectively. We shall assume that (i) the
domain V is bounded by a non-reflecting surface δV; (ii) the
domain V is illuminated by a parallel beam; and (iii) the incident
flux is unity (Appendix B.2). Let Q0(x,Ω) be the distribution of

ð11Þ

where the coefficients t0, T1 and pt are chosen by fitting Eq. (11)
to the measured t(λ). Analogous to Eq. (9), the coefficients T1
and pt are effective values of the probabilities τi0, and p. It can
be seen that a much better match with observed canopy spectral
transmittances has been achieved. A theoretical analysis of this
result will be given in Sections 5 and 7. It should be noted that
canopy transmittance is sensitive to the needle transmittance–
albedo ratio τL(λ)/ω(λ) (Panferov et al., 2001; Rochdi et al.,
2006). This may imbue wavelength dependence to the escape
probabilities for low order scattered photons.

Fig. 5. Correlation between measured canopy reflectance and canopy reflectance
evaluated using Eq. (9) with R1 = 0.15, pr = 0.59, and R2 = prR1 = 0.09 for the
spectral interval 400 ≤ λ ≤ 900 nm. The arrow indicates a range of reflectance
values corresponding to ω ≥ 0.9.
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reflecting boundary δV can be expanded in successive order of
scattering or, in Neumann series,
Ik ðx; XÞ ¼ Q0 þ TQ0 þ T 2 Q0 þ … þ T m Q0 þ : : :

ð12Þ

The following notations are introduced to investigate the
Neumann series (12). Let || f || be the interaction coefficient of a
3D radiation field f(x,Ω) in the domain V, i.e.,
Z Z
jj f jj ¼
rðx; XÞj f ðx; XÞjdxdX;
ð13Þ
4p V

where the integration is performed over the domain V and the
unit sphere 4π. Here σ is the extinction coefficient; that is, σds is
the probability that a photon while traveling a distance ds in the
medium along the direction Ω will interact with the elements of
the host medium. In terms of these notations, the canopy interaction coefficient, i(λ), and canopy interceptance, i0, are ||Iλ||
and ||Q0||, respectively. The probability density, em(x,Ω), that a
photon scattered m times will arrive at x along the direction Ω
without suffering a collision can be expressed as
em ð x; XÞ ¼

Qm ðx; XÞ
:
jjQm jj

ð14Þ

A photon scattered m times will be scattered again with a probability of γm+1 where
gmþ1 ¼

Fig. 6. Correlation between measured canopy transmittance and canopy
transmittance simulated using (a) Eq. (10) with t0 = 0.06, pt = 0.67 and (b) Eq.
(11) with t0 = 0.06, T1 = 0.017 and pt = 0.94. In both cases, the sum of the canopy
interceptance, i0, (Fig. 3a) and t0, is close to one, i.e., i0 + t0 = 0.92 + 0.06 = 0.98.

uncollided photons in V defined as the probability density that a
photon entering V will arrive at x along the direction Ω without
suffering a collision. Under the conditions (i)–(iii), values of Q0
do not depend on the wavelength.
Uncollided photons can either be absorbed or scattered as a
result of the interaction with phytoelements. Given Q0, the
radiation field Q1 generated by photons scattered once can be
represented as Q1 = TQ0. Here T is a linear operator that sets in
correspondence to Q0, the three-dimensional distribution of photons from Q0 scattered by the vegetation canopy once. In
the radiative transfer equation, it is an integral operator (Appendix
B.5). In Monte Carlo models, T is a procedure that inputs Q0,
simulates the scattering event, calculates the photon free path and
outputs the distribution, Q1, of photons just before their next
interaction with phytoelements. In terms of these notations, photons scattered m times can be expressed as Qm = TQm−1 = T mQ0.
Unlike Q0, the distribution Qm depends on the wavelength λ. The
distribution, Iλ(x,Ω), of photons in the domain V with a non-

jjQmþ1 jj
:
jjQm jj

ð15Þ

These probabilities are related as Tem =γm + 1em + 1 (Appendix B.6).
The recollision probability, pm + 1 is therefore the ratio of γm + 1 to
the single scattering albedo ω, i.e.,
g
ð16Þ
pmþ1 ¼ mþ1 :
x
The following mathematical results underlie the derivation
of the spectral invariant relationships (Riesz & Sz.-Nagy, 1990;
Vladimirov, 1963)
lim gm ¼ gl ;

mYl

lim em ðx; XÞ ¼ el ðx; XÞ:

mYl

ð17Þ

In general, the probabilities em(x,Ω) and γm vary with the scattering order m. However, they tend to reach plateaus as the
number of interactions increases (Lewis & Disney, 1998). The
limits γ∞ and e∞ are the unique positive eigenvalue of the operator T, corresponding to the unique positive (normalized to
unity) eigenvector e∞, i.e., Tem = γ∞e∞ and ||e∞|| = 1 (Vladimirov,
1963). These variables do not depend on the incident radiation
(Appendix B.4).
The convergence process given by Eq. (17) means that γm
and em(x,Ω) do not vary much with the order of scattering m if it
exceeds a sufficiently large number, i.e.,γm ≈ γ∞, em(x,Ω) ≈ e∞
(x,Ω) and Tem ≈ γmem for m, m + 1, m + 2, …. The number m
depends on the initial radiation field Q0 which, in turn, is a
function of the 3D canopy structure. Assuming negligible variation in γm and em(x,Ω) for the scattering order m and higher and
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accounting for Eqs. (12) and (14), the radiation field Iλ(x,Ω) can
be approximated as (Appendix B.6)

where

Ik ðx; XÞ ¼ Ik;m ðx; XÞ þ dm ;

e g;mþ1 ¼ max

ð18Þ

where
Ik;m ð x; XÞ ¼

m
X

jjQk jjek þ jjQm jj

k¼0

gmþ1
emþ1 ;
1−gmþ1

dm ¼ Ik ðx; XÞ−Ik;m ðx; XÞ

ð19Þ
ð20Þ

The radiation field Iλ,m(x,Ω) is the mth approximation to the
3D radiation field in the vegetation canopy, and δm is its error.
Note that the non-negativity of ek, k = 1,2, …, are critical to
derive Eq. (20). Eqs. (18)–(20) underlie the derivation of the
canopy spectral invariant relationships and their accuracies. It
should be emphasized that these results are not tied to a particular
canopy radiation model. The operator T represents any linear
model that simulates the scattering event and the photon free
path for photons from a given field. We will use the 3D radiative
transfer equation to specify the operator T (Appendix B.5).

4. Canopy spectral invariant for the canopy interaction
coefficient
Knyazikhin et al. (1998) showed that the spectral invariant
relationship is accurate for ||Iλe∞||. The spectral invariant for the
canopy interaction coefficient i(λ) = ||Iλ|| is derived under the
assumption that ||Iλe∞|| ≈ ||Iλ||. The relationship given by Eq. (5),
therefore is an approximation to i(λ). Its accuracy depends on
how fast the sequence γm, m = 1,2,…, converges to the eigenvalue
γ∞. The analysis of field data summarized in Fig. 3 suggests that
variation in pm = γm/ω with the scattering order is negligible, i.e.,
the “zero” approximation (m = 0) provides an accurate estimate
of i(λ) and thus supports the above assumption. Here we
examine the accuracy of the spectral invariant for the canopy
interaction coefficient as a function of the scattering order m.
It follows form Eq. (19) that the mth approximation, im(λ), to
i(λ) is
i m ð kÞ ¼

m
X
k¼0

¼ i0

jjQk jj þ jjQm jj
m
X
k¼0

hk þ

l
X
jgmþ1þk − gmþ1 j
hmþ1þk
; smþ1 ¼
:
ð24Þ
kz1
gmþ1þk
hmþ1
k¼1
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Note thatmYl
lim m hm ¼ gl . If m is large enough, i.e., mþ1 hmþ1 c
k
gl , the ratio θm+1+k/θm+1 can be approximated by γ∞. Substituting this relationship into Eq. (24) one obtains sm ≈ γ∞/(1 − γ∞).
Two factors determine the accuracy of the mth approximation. The first one is the difference between successive approximations γm + 1 and γm+1+k; that is, the smaller this difference,
the more accurate the approximation is. Examples shown in
Fig. 3 suggest that the zero approximation provides an accurate
spectral invariant relationship for the canopy interaction coefficient. Indeed, the canopy interceptances derived from two
methods (Fig. 3)) and from the canopy spectral transmittance,
i0 = 1 − t0 (Fig. 6), agree well with each other. This can take place
if p1 ≈ p2.
The contribution of photons scattered m + 1 or more times to
the canopy radiation field is the second factor. Their contrim+1
bution is given by θm + 1/(1 − γm+1) ≈ γ∞
/(1 − γ∞) which depends on the recollision probability, p∞, and the single
scattering albedo, ω; that is, the higher γ∞ = p∞ω is, the higher
order of approximation is needed to estimate the canopy interaction coefficient. This is illustrated in Fig. 7. One can see that
the difference p2 − p1 reaches its maximum at high p values.
The spectral invariant cannot be derived if p∞ω = 1 since the
Neumann series (12) does not converge in this case.

gmþ1
1−gmþ1
!

hmþ1
:
1−gmþ1

ð21Þ

Here i0 = ||Q0|| is the canopy interceptance; θ0 = 1, and
jjQk jj
jjQk jj
jjQk−1 jj : : : jjQ1 jj
¼



jjQ0 jj jjQk−1 jj jjQk−2 jj
jjQ0 jj
¼ g1 g2 : : : gk ; kz1:

hk ¼

ð22Þ

The error, δim, in the mth approximation can be estimated as
(Appendix B.6)
jdim j ¼ jiðkÞ−im ðkÞjV e g;mþ1

113

hmþ1
smþ1 i0 ;
1− gmþ1

ð23Þ

Fig. 7. Correlation between p1 and p2 for different values of leaf area index
(LAI). Calculations were performed for a vegetation canopy consisting of
identical cylindrical “trees” uniformly distributed in the canopy layer bounded
from below by a non-reflecting surface. The canopy structure is parameterized in
terms of the leaf area index of an individual tree, L0, ground cover, g, and crown
height, H. The LAI varies with the ground cover as LAI = gL0. The stochastic
radiative transfer equation (Appendix C) was used to derive canopy spectral
interaction coefficient i(λ) and canopy interceptance i0 as a function of LAI. The
first p1, and second, p2, approximations to the recollision probability were
calculated as described in Section 2.1 using simulated values of i(λ) and i(λ) − i0.
Here max{|p1 − p2|/p1} = 0.02. The crown height and plant LAI are set to 1
(in relative units) and 10, respectively. The solar zenith angle and azimuth of the
incident beam are 30° and 0°.
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5. Canopy spectral invariant for the canopy transmittance
and reflectance
Let the domain V be a layer 0 ≤ z ≤ H. The surfaces z = 0 and
z = H constitute its upper and lower boundaries, respectively. We
denote by || f ||r and || f ||t the upward flux at the canopy top and
downward flux at the canopy bottom, respectively, of a radiation field f (x,Ω), i.e.,
Z
jjf jjr ¼

Z
dXf ðr; XÞjlj;

dr
2pþ

z¼0

Z

jjf jjt ¼

Z

dXf ðr; XÞjlj;

dr
z¼H

ð25Þ

2p−

where μ is the cosine of the zenith angle Ω and 2π+ (2π−)
denotes the upward (downward) hemisphere of directions. In
terms of these notations, the canopy reflectance, r(λ), and transmittance, t(λ), are ||Iλ||r and ||Iλ||t (Appendix B.2).
Let ρm and τm be the probabilities that a photon scattered m − 1
times will escape the vegetation canopy through the upper and
lower boundary, respectively, as a result of interaction with a
phytoelement (i.e., Appendix B.5)
1 jjT m Q0 jjr
1 jjT m Q0 jjt
qm ¼
;
s
:
¼
m
x jjT m−1 Q0 jj
x jjT m−1 Q0 jj

ð26Þ

qm þ sm þ pm ¼ 1:

ð27Þ

We term ρm and τm escape probabilities. The escape probabilities
vary with the scattering order. It follows from Eq. (17) that they

Fig. 9. Convergence of em to the positive eigenvector, e∞, of the operator T. This
plot shows variations in the ratios maxXa2pþ femþ1 =em g (solid line) and
minXa2pþ femþ1 =em g (dashed line) with the scattering order m. For m ≥ 5, their
values fall in the interval between 0.98 and 1.04. Calculations were performed
for the 3D vegetation canopy described in Fig. 7. Crown height, ground cover,
plant, solar zenith angle and azimuth of the incident beam are the same as in
Fig. 8.

reach plateaus as the number of interactions increases. We denote
their limits by ρ∞ and τ∞.
It follows from Eq. (19) that the mth approximation, rm(λ)
and tm(λ), to the canopy reflectance and transmittance are
"
#
m
X
hm qmþ1
qk hk−1 þ
ð28Þ
rm ðkÞ ¼ jjIk;m jjr ¼
xi0 ;
1−gmþ1
k¼1
"
#
m
X
hm smþ1
tm ðkÞ ¼ jjIk;m jjt ¼ t0 þ
sk hk−1 þ
ð29Þ
xi0 :
1−gmþ1
k¼1
Here t0 = 1 − i0 is the probability that that a photon in the incident radiation will arrive at canopy bottom without suffering a
collision, i0 is the canopy interceptance; and θk is defined by
Eq. (22).
Errors in the mth approximation of canopy reflectance and
transmittance can be estimated as (Appendix B.6)

 hm qmþ1
jdrm j ¼ jrðkÞ−rm ðkÞjV er;mþ1 þ eg;mþ1
sr;m xi0 ;
1−gmþ1

ð30Þ


 hm smþ1
jdtm j ¼ jt ðkÞ−tm ðkÞjV et;mþ1 þ eg;mþ1
st;m xi0 :
1−gmþ1

ð31Þ

Here is εγ,m defined by Eq. (24) and
Fig. 8. Recollision probability, pm = γm/ω, and escape probabilities, τm and ρm,
as a function of the scattering order m. Their limits are p∞ = 0.75, τ∞ = 0.125 and
ρ∞ = 0.125. The relative difference εγ,m+1 in the recollision probability is 3% for
m = 0 and 0.8% for m = 1. The relative differences in escape probabilities are
maxkz1 js3þk −s3 j=s3þk ¼ 3:3%, and maxkz1 jq3þk −q3 j=q3þk ¼ 4%. Calculations were performed for the 3D vegetation canopy described in Fig. 7. Crown
height, ground cover and plant LAI are set to 1, 0.16, and 10, respectively. The
solar zenith angle and azimuth of the incident beam are 30° and 0°.

ej;mþ1 ¼ max
kz1

l
X
jjmþ1þk −jmþk j
hmþk jmþk
; sj;m ¼
;
jmþk
hm jmþ1
k¼1

ð32Þ

where κ and κm represent either canopy reflectance (κ = r, κm =
ρm) or canopy transmittance (κ = t, κm = τm).
In addition to two factors that determine the accuracy in the
mth approximation to the canopy interaction coefficient (cf.
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Eq. (23)), δrm and δtm also depend on the proximity of two
successive approximations κm+k and κm+k+1 to the escape
probabilities.
Thus, the errors in the mth approximations to the canopy reflectance and transmittance result from the errors in the recollision and escape probabilities, and from a contribution of
multiple scattering photons to the canopy radiation regime. The
mth approximation to the canopy reflectance and transmittance,
therefore, is less accurate compared to the corresponding approximation to the canopy interaction coefficient. This is illustrated
in Fig. 8. In this example, the relative difference |γm+1+k − γm+1| /
γm+1+k is 3% for m = 0 and becomes negligible for m ≥ 1. The
zero and first approximations provide accurate spectral invariant relationships for the canopy interaction coefficient.
The corresponding differences in the escape probabilities do
not exceed 4% for m ≥ 2, indicating that two scattering orders
should be accounted to achieve an accuracy comparable to
that in the zero approximation to the canopy interaction
coefficient.
6. Canopy spectral invariant for bidirectional reflectance
factor
The mth approximation, Iλ,m(z = 0,Ω), to the canopy bidirectional reflectance factor (BRF), is given by Eq. (19). Its error,
|δm(z = 0,Ω)| can be estimated as (Appendix B.6)
hmþ1
jdm jV i0
sBRF;mþ1
1−gmþ1


jemþ1þk ðz ¼ 0; XÞ−emþk ðz ¼ 0; XÞj
jgmþkþ1 −gmþ1 j

max þ
þ max g
;
kz1;Xa2p

emþk ðz ¼ 0; XÞ

kz1

mþkþ1

ð33Þ
sBRF;mþ1 ð z ¼ 0; XÞ ¼
+

l
X
hmþ1þk
emþk ð z ¼ 0; XÞ:
hmþ1
k¼1

ð34Þ

Here 2π in Eq. (33) denotespthe
upward
hemisphere of directions.
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
If m is large enough, i.e., mþ1 hmþ1 cgl and em + 1 ≈ e∞, the term
sBRF,m+1 can be approximated as sBRF,m+1 ≈ e∞γ∞/(1 − γ∞). Its
values, therefore, are mainly determined by the contribution of
photons scattered m + 1 and more times to the canopy radiation
regime.
As it follows from Eq. (33), the accuracy in the mth approximation to the canopy BRF depends on the convergence of γm+k
and em+k to the eigenvalue, γ∞, and corresponding eigenvector,
e∞, of the operator T. Convergence of the former is illustrated in
Fig. 8. Fig. 9 shows variations in maxXa2pþ femþ1 =em g and
minXa2pþ femþ1 =em g with the scattering order m. In this example,
the difference em+1+k − em+k is negligible for m ≥ 4, indicating
that the fourth approximation provides an accurate spectral
invariant relationship for the canopy BRF. Variation in the
probability em with the scattering order m should be accounted
to evaluate the contribution of low-order scattered photons.
Recently Rochdi et al. (2006) reported a sensitivity of the
canopy BRF to the leaf transmittance, τL, versus albedo, ω,
ratio. This result suggests that the number m at which em
saturates is a function of τL/ω.
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7. Zero-order approximations to the canopy spectral
reflectance and transmittance
The theoretical analyses indicate that while the zero approximation is accurate for the canopy interaction coefficient, the
canopy transmittance and reflectance require more iterations to
achieve a comparable accuracy. The empirical analyses presented in Section 2 suggest that the zero approximations simulate observed spectral reflectance and transmittance sufficiently
well if the recollision probability in the spectral invariant relationships is replaced with some effective values. Here we derive
effective recollision probabilities for canopy reflectance and
transmittance and examine accuracies in the modified zero
approximations.
It follows from Eqs. (16), (22), (28) and (30) that the canopy
spectral reflectance can be represented as


xp1 q2 xp1 q2
þ
Sr;1 xi0
rðkÞ ¼ r1 ðkÞ þ dr1 ¼ q1 þ
1−p2 x 1−p2 x
1−xp2 Dr;1
xq1 i0 :
¼
ð35Þ
1−p2 x
Here Sr,1 is defined by Eq. (B10) and the term Δr,1 characterizing the accuracy in the first approximation is
Dr;1 ¼ 1−


q2 p1 
1 þ Sr;1 :
q1 p2

ð36Þ

The data analyses suggest that the reciprocal of the canopy spec
tral reflectance normalized by the leaf albedo ω varies “almost”
linearly with ω (Section 2.2). Based on this observation, we
replace the relationship between the reciprocal of r/(ωi0ρ1) and
the leaf albedo ω with a regression line Y = αr − βrp2ω. Coefficients R1 and pr in the approximation (9) with R2 = prR1, can
be specified from the slope βr and intercept αr, as
R1 ¼

i0 q1
;
ar

pr ¼ p2
Z

ar ¼ 1−2p2
Z
br ¼ 6
0

0
1

1

br
;
ar

ð37Þ

1−Dr;1
xð2−3xÞdx;
1−p2 Dr;1 x

ð38Þ

1−Dr;1
xð2x−1Þdx:
1−p2 Dr;1 x

Similarly, the canopy transmittance is
t ðkÞ−t0 ¼

T1 x
;
1−pt x

T1 ¼

i 0 s1
;
at

pt ¼ p2

bt
:
at

ð39Þ

Here αt and βt are given by Eq. (38) where Δr,1 is calculated
using the escape probabilities τ1, τ2, and the coefficient St,1 (see
Eq. (B10) in Appendix B.6). We term this approach an ‘inverse
linear approximation’. Note that if the escape probabilities do
not vary with the scattering order (Δr,1 = Δt,1 = 0), the slopes and
intercepts in the linear regressions models are equal to p2 and
unity, respectively, and the inverse linear approximation coincides with the zero approximation. If variations in the escape
probabilities become negligible for m ≥ 2, (εκ,2 ≈ 0, κ = r,t), the
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effective probabilities pr and pt are functions of p1, p2, ρ2, ρ1
and p1, p2, τ2, τ1, respectively.
Fig. 10 shows variation in the reciprocal of r(λ)/ω and (t(λ) −
t0)/ω with the leaf albedo and the corresponding regression lines
as well as recollision probability p2 and its effective values, pr and
pt, as functions of the leaf area index (LAI). Fig. 11 demonstrates
the energy conservation relationships (27) for m = 1. The escape
probabilities are calculated from Eqs. (37) and (39) as R1/i0 and
T1/i0. One can see that the impact of the regression coefficients αr
and αt on the escape probabilities is minimal; that is, a deviation
from the relationship R1/i0 + T1/i0 + p1 = 1 does not exceed 5%.
This is not surprising because values of (1 − Δκ,1)/(1 − Δκ,1p2ω) in
Eq. (38) for αr (κ = r) and αt (κ = t) are multiplied by the function
ω(2 − 3ω) whose integral is zero. Note that the sum of the
recollision and escape probabilities derived from field data is 1.06
(Figs. 3, 5 and 6b). A discrepancy of 6% is comparable to

Fig. 11. Energy conservation relationship ρ1 + τ1 + p1 = 1 for different values of
the leaf area index. The escape probabilities ρ1 and τ1 are calculated as the ratios
of coefficients R1 and T1 in the inverse linear approximations to the canopy
interceptance i0, i.e., ρ1 = R1/i0 and τ1 = R1/i0. The difference ρ1 + τ1 + p1 − 1 does
not exceed +0.05. Calculations are performed for the 3D vegetation canopy
described in Fig. 7. Note that the recollision and escape probabilities derived
from field data (Figs. 3a and 6b) satisfy ρ1 + τ1 + p1 − 1 = 0.06.

uncertainties due to the neglect of surface reflection (Fig. A1).
The effective values of the recollision probabilities, pr and pt,
however, depend on βr and βt (Fig. 10b).
Since eigenvalues and eigenvectors of the operator T are
independent on the incident radiation, the limits p∞, ρ∞ and τ∞
of the recollison and escape probabilities do not vary with the
incident beam. Smolander and Stenberg (2005) showed that the
first and higher orders of approximations to the recollision
probability are insensitive to rather large changes in the solar
zenith angle. Although the first approximations to the escape
probabilities exhibit a higher sensitivity (Fig. 12) to the solar
zenith angle, their sum, ρ1 + τ1 = 1 − p1, remains almost constant.
This is consistent with our theoretical results suggesting that the

Fig. 10. (a) Reciprocal of r(λ)/ω and (t(λ) − i0)/ω as functions of the leaf albedo
and their linear regression models. (b) Recollision probability p2 and its effective
values pr and pt as functions of the LAI. Calculations are performed for the 3D
vegetation canopy described in Fig. 7 with input parameters as in Fig. 8 (panel a)
and Fig. 7 (panel b).

Fig. 12. Recolision probability, p1, its effective values, pr and pt, escape
probabilities, ρ1 and τ1, and the canopy interceptance, i0, as functions of the
solar zenith angle. Eq. (26) is used to specify ρ1 and τ1. Calculations are
performed for the 3D vegetation canopy described in Fig. 7 with input
parameters as in Fig. 8.
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Fig. 13. Relative error in the canopy reflectance as a function of the single scattering albedo for three values of canopy leaf area index, 1, 3 and 7.5.

canopy interaction coefficient requires less iterations to reach a
plateau compared to the canopy reflectance and transmittance.
The sensitivity of the effective recollision probabilities to the
solar zenith angle is much smaller compared to the canopy
interceptance.
Fig. 13 shows relative errors in the inverse linear approximation and the mth approximations, m = 1, 2 and 3, to the
canopy reflectance as a function of the leaf albedo and leaf area
index. The error decreases with the scattering order. For a fixed
m, it increases with the leaf albedo and canopy leaf area index.
This is consistent with the theoretical results stating that the
convergence depends on the maximum eigenvalue γ∞ = p∞ω;
that is, the higher its value is, the higher order of approximation
is needed to estimate the canopy reflectance. In this example,
the third and inverse linear approximations have the same accuracy level, i.e., they are accurate to within 5% if ω ≤ 0.9. The
data analyses do not reject this conclusion (Fig. 5). The relative
error in the canopy transmittance (not shown here) exhibits
similar behavior. More advanced approaches that provide the
best fit not only to the canopy reflectance and transmittance but
also to the shortwave energy conservation law are discussed in
Disney et al. (2005).
8. Conclusions
Empirical analyses of spectral canopy transmittance and
reflectance collected during a field campaign in Flakaliden,
Sweden, June 25–July 4, 2002, support the validity of the theo-

retically derived spectral invariant relationships reported
in literature; that is, a small set of well-defined measurable
wavelength-independent parameters specify an accurate relationship between the spectral response of a vegetation canopy
with non-reflecting background to incident solar radiation at the
leaf and the canopy scale. This set includes the recollision and
escape probabilities, the canopy interceptance and the effective
recollision probabilities for canopy reflectance and transmittance. In terms of these variables, the partitioning of the incident
solar radiation between canopy absorption, transmission and
reflection can be described by explicit expressions that relate
leaf spectral albedo to canopy absorptance, transmittance and
reflectance spectra.
In general case, the recollision and escape probabilities vary
with the scattering order. The probabilities, however, reach
plateaus as the number of interactions increases. The canopy
spectral invariant relationships are valid for photons scattered m
and more times where m is the number of scattering events at
which the plateaus are reached. Contributions of these photons
to canopy absorption, transmission and reflection can be accurately approximated by explicit functions of saturated values of
the recollision and escape probabilities, the single scattering
albedo and the canopy interceptance. Variation in the probabilities with the scattering order should be accounted to evaluate the
contribution of low order scattered photons.
The numerical and empirical analyses suggest that the recollision probability reaches its plateau after the first scattering event. This is a sufficient condition to obtain the spectral
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invariant for the canopy interaction coefficient that accounts for
all scattered photons. The theoretical and numerical analysis
indicates the escape probabilities require at least one more
scattering event to reach the plateau. The theoretical, numerical
and data analyses, however, suggest that the spectral invariant
for canopy reflectance and transmittance can be applied to all
scattered photons if one replaces the recollision probability in
the spectral invariant relationships for canopy reflectance and
transmittance with the some effective values. Their accuracies
depend on the product of the recollision probability and single
scattering albedo; that is, the higher these values are, the lower
their accuracies. The numerical analysis suggests that the
relative errors in the spectral invariant relationships for canopy
transmittance and reflectance do not exceed 5% as long as the
single scattering albedo is below 0.9. The recollision probability, its effective values and escape probabilities are appeared to
be minimally sensitive to rather large changes in the solar zenith
angle.
The probability density that a photon scattered m times will
escape the vegetation canopy in a given upward direction converges to the wavelength-independent positive eigenvector of
the transport equation as the number m of interactions increases.
This property allows us to formulate the spectral invariant for
the canopy bidirectional reflectance factor; that is, the angular
signature of photons scattered m and more times is proportional
to the positive eigenvector. The coefficient of proportionality is
an explicit function of the single scattering albedo, the recollision probability and the number m of scattering events. The
numerical analysis suggests that the convergence can be
achieved after three to four interactions.
Recall that the spectral invariant relationships are valid for
vegetation canopy bounded from below by a non-reflecting
surface. The three-dimensional radiative transfer problem with
arbitrary boundary conditions can be expressed as a superposition of the solutions of some basic radiative transfer subproblems with purely absorbing boundaries to which the spectral invariant is applicable (Davis & Knyazikhin, 2005;
Knyazikhin & Marshak, 2000; Knyazikhin et al., 2005; Wang
et al., 2003). This property and the results of this paper suggest
that spectral response of the vegetation canopy to the incident
solar radiation can be fully described by a small set of independent variables which includes spectra of surface reflectance
and leaf albedo, the wavelength-independent canopy interceptance, recollision probability, its effective values and escape
probabilities. This has significant implications for the effective
exploitation of canopy radiation measurements and modelling
methods. In particular, it allows for the decoupling of the structural and radiometric components of the scattered signal. This in
turn permits better quantification and understanding of the structural and biochemical (wavelength-dependent) components
of the signal, which by necessity are generally considered in a
coupled sense.
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Appendix A. Field data
A.1. Description of field campaign and measurements
The Flakaliden field campaign was conducted between June
25 and July 4, 2002 with the objective of collecting data needed
for validation of satellite derived leaf area index (LAI) and
fraction of photosynthetically active radiation (FPAR) absorbed
by the vegetation canopy. There were 39 participants from seven countries: Sweden, Finland, United States, Italy, Germany,
Estonia, and Iceland. Flakaliden is located in northern Sweden,
a region dominated by boreal forests. Canopy spectral transmittance and reflectance, soil and understorey reflectance spectra, needle optical properties, shoot structure and LAI were
collected in six 50 m × 50 m plots composed of Norway spruce
(Picea abies (L.) Karst) located at Flakaliden Research Area
(64°14′N, 19°46′E) operated by the Swedish University of
Agricultural Sciences. Each plot has its own variables and
controls to determine factors that influence tree growth, i.e.,
experimental treatments of the plots involve tree response to
variations in irrigation and fertilization. Data collected in an
irrigated and fertilized plot (plot 9A) are used in Section 2.
Simultaneous measurements of spectral up- and downward
radiation fluxes below, and upward radiation fluxes above the
50 m × 50 m plots from 400 nm to 1000 nm at 1.6 nm spectral
resolution were obtained with two ASD hand-held spectroradiometers (Analytical Spectral Devices Inc., 1999). A
helicopter was used to take ASD measurements above the
center of each plot at heights of 15, 30 (used in this study), and
45 m. The ASD field of view was set to 25°. A LICOR LI-1800
spectroradiometer (LI-COR, 1989) with standard cosine
receptor was placed in an open area to record spectral variation
of incident radiation flux density between 300–1100 nm at 1 nm
spectral resolution. All spectroradiometers were inter-calibrated
by taking a series of simultaneous measurements of downward
fluxes in an open area. We followed the methodology of Wang
et al. (2003) to convert the measured spectra to canopy spectral
reflectance and transmittance. Note that the spectral measurements were made under ambient atmospheric conditions of
direct and diffuse illumination. This can cause some “spikes” in
spectral downward radiation fluxes at the Earth's surface
(Fig. 1a), e.g., due to variation in the fraction of the direct radiation (Verhoef, 2004). The impact of direct and diffuse components of the incident radiation on canopy spectral invariant
relationships is discussed in Wang et al. (2003).
Current year, 1-year and 2-year-old spruce needles were
sampled from six different heights in the control and irrigated
with complete fertilizer plots and their transmittances and reflectance spectra were measured under laboratory conditions
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using ASD FieldSpec Pro spectroradiometer and LICOR LI1800-12s External Integrating Sphere (LI-COR, 1989). We
followed the measurement methodology documented in
(Daughtry et al., 1989; Mesarch et al., 1999). Needle spectral
reflectance and transmittance of an average needle were obtained by averaging 50 measured spectra with a high weight
given to the 2-year-old needles (80%) and equal weights to the
current (10%) and 1-year (10%) needles. More details about
instrumentation and measurement approach can be found in
WWW1 (2002).
A.2. Uncertainties due to the neglect of surface reflection
In the framework on one-dimensional radiative transfer
equation, the canopy transmittance, t(λ), reflectance, r(λ), and
absorptance, a(λ), can be represented as (Knyazikhin & Marshak,
2000; Wang et al., 2003)
t ð kÞ ¼

tBS ðkÞ
¼ tBS ðkÞ þ t ðkÞqsur ðkÞrS ðkÞ;
1−qsur ðkÞrS ðkÞ

ðA1Þ

rðkÞ ¼ rBS ðkÞ þ tðkÞqsur ðkÞtS ðkÞ;

ðA2Þ

aðkÞ ¼ aBS ðkÞ þ tðkÞqsur ðkÞaS ðkÞ:

ðA3Þ

Here, ρsur is the hemispherical reflectance of the canopy ground.
Variables rBS and rS; tBS and tS; aBS and aS denote canopy
reflectance, transmittance, and absorptance calculated for a vegetation canopy (1) illuminated from above by the incident radiation
and bounded from below by a non-reflecting surface (subscript
“BS”, for black soil); and (2) illuminated from the bottom by
normalized isotropic sources and bounded from above by a nonreflecting boundary (subscript “S”). These variables are related
via the energy conservation law, i.e., ai + ri + ti = 1, i = BS, S.
The canopy spectral invariants are formulated for tBS, rBS and
aBS. In Section 2, the measured spectral transmittance, t, and
reflectance, r, are taken as estimates of rBS and tBS. The absorptance aBS is approximated using Eq. (1). It follows from
Eqs. (A1)–(A3) that the relative errors, Δa, Δt and Δr, and in
aBS, tBS and rBS due to the neglect of surface reflection can be
estimated in terms of t, r and ρsur measured during the Flakaliden
field campaign as
Da ¼

aBS −ð1−r−tÞ
t
t
¼
q ðtS þ rS ÞV
q ;
1−t−r
1−t−r sur
1−t−r sur

ðA4Þ

Fig. A1. Upper limits of the relative errors Δt, Δr, and Δa in estimates of tBS, rBS
and aBS due to the neglect of surface reflection.

function of the wavelength. As one can see, measured canopy
absorptance approximates aBS with an accuracy of about 5%.
Deviations of measured canopy transmittance and reflectance
from tBS and rBS in the interval 400 ≤ λ ≤ 700 nm do not exceed
5%. Contribution of the canopy ground to transmittance and
reflectance in the interval 700 ≤ λ ≤ 900 nm is significant and
cannot be ignored.
Appendix B. 3D radiative transfer equation and its
properties
Below, the formulation of the radiative transfer in threedimensional vegetation canopies of Knyazikhin et al. (2005) is
adopted. The mathematical theory of the radiative transfer
equation can be found in Vladimirov (1963).
B.1. Operator notations
Let L and Sλ be the streaming-collision and scattering linear
operators defined as
LJk ¼ X •jJk ðx; XÞ þ rðx; XÞJk ðx; XÞ;
Z
Sk Jk ¼ rs;k ðx; X VYXÞJk ðx; X VÞdX V:

ðB1Þ

4p

Here Ω • ∇Jλ is the directional derivative that quantifies change
in Jλ(x,Ω) near x in direction Ω; σ and σs,λ are the total
interaction cross-section (extinction coefficient) and differential
scattering coefficient. These coefficient are related as
Z

t−tBS
r−rBS t
t
Dt ¼
¼ qsur rS Vqsur ; Dr ¼
¼ qsur ts V qsur ; ðA5Þ
r
r
t
r
Thus, our approximations overestimate tBS and rBS, and
underestimate aBS. Since neglected terms tS, rS, and tS + rS are
below unity, Eqs. (A4) and (A5) provide the upper limits of Δa,
Δt, and Δr. Fig. A1 shows upper limits of the relative errors as a

rs;k ðx; X VYXÞdX ¼ xðx; X VÞrðx; X VÞ;

ðB2Þ

4p

where ω is the single scattering albedo (Knyazikhin et al.,
2005). For ease of analysis, we assume that the single scattering
albedo does not depend on x and Ω′. It coincides with the leaf
albedo in this case. In radiative transfer in vegetation canopies,
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the extinction coefficient does not depend on the wavelength
(Ross, 1981).
B.2. Boundary conditions
Let the domain V be illuminated by a parallel beam of unit
intensity. Interaction of shortwave radiation with the vegetation
canopy in V is described by the following boundary value problem for the 3D radiative transfer equation (Knyazikhin et al.,
2005; Ross, 1981)
LJk ¼ Sk Jk ;
Jk ðxb ; XÞ ¼ dðX−X0 Þ;

ðB3Þ
xb adV ;

X •nb b0:

ðB4Þ

Here Ω0 is the direction of the incident beam; nb is the outward
normal at point xb∈δV, and Jλ(x,Ω) is the monochromatic
intensity which depends on the wavelength, λ, location x and
direction Ω. The flux, F↓, ofR radiation incident on the canopy
boundary is given by F A ¼ dV jnb •X0 jHð−nb •X0 Þdrb where
H is the Heaviside function. For boundary conditions used in
Section 5, F↓ = |μ0|δVt where μ0 is the cosine of the polar angle
of Ω0 and δVt is the area of the canopy upper boundary. The
boundary condition for the lower boundary is set to zero. Under
conditions (i)–(iii) (see Section 3), the intensity, Iλ(x,Ω), of
radiation field in V is given by the solution of the boundary
value problem (B3) and (B4) normalized by F↓, i.e., Iλ = Jλ/F↓.
B.3. Comments on Eq. (17)
In the framework of functional analysis, Eq. (13) is a norm in
the Banach space of integrable functions, and T is a linear
operator acting in this space. Eq. (17) are valid for any linear
operator satisfying some general conditions (Riesz & Sz.-Nagy,
1990) which are met for the three-dimensional transport equation (Vladimirov, 1963) and Monte Carlo models of the radiative transfer (Marchuk et al., 1980).
B.4. Eigenvectors and eigenvalues of the radiative transfer
equation
An eigenvalue of the radiative transfer equation is a number γ
such that there exists a function e(x,Ω) that satisfies γLe =Sλe and
zero boundary conditions. Since the eigenvalue and eigenvector
problem is formulated for zero boundary conditions, γ and e(x,Ω)
are independent on the incoming radiation. Under some general
conditions (Vladimirov, 1963), the set of eigenvalues and
eigenvectors is a discrete set. The radiative transfer equation has
a unique positive eigenvalue, γ∞, that corresponds to a unique
positive eigenvector, e∞ (Vladimirov, 1963).

and the streaming-collision operator do not depend on wavelength, and thus, Q0 is wavelength independent. The solution
Iλ = (E − T )− 1Q0 to the integral radiative transfer equation can
be expanded in the Neumann series (12) where Qm = T mQ0
satisfies the equation LQm = SλQm−1 and zero boundary conditions. The symbol E denotes the identity operator. Integrating
this equation over spatial and directional variables and taking
into account Eq. (B2), one obtains the following energy conservation relationships
jjT m Q0 jjr þ jjT m Q0 jjt þ jjT m Q0 jj ¼ xjjT m−1 Q0 jj:
Eq. (27) is obtained by dividing Eq. (B5) by ω||T m−1Q0||.
It follows from Eqs. (26) and (14) that
1 jjT m Q0 jjr
1 jjT m Q0 jj jjT m Q0 jjr
¼
x jjT m−1 Q0 jj x jjT m−1 Q0 jj jjT m Q0 jj
gm
jjem jjr :
¼
x

qm ¼

The intensity, Iλ(x,Ω), satisfies the integral radiative transfer
equation Iλ = TIλ + Q0 (Knyazikhin et al., 2005). Here T = L− 1Sλ,
and Q0 satisfies LQ0 = 0 and the boundary conditions (B4)
normalized by the incident flux F↓. The boundary conditions

ðB6Þ

This equation can be rewritten as ||em||r = ωρm/γm. Similarly,
||em||t = ωτm/γm.
B.6. Error in the mth approximation
It follows from Eq. (14) that
gmþ1 emþ1 ¼

jjQmþ1 jj Qmþ1
TQm
¼
¼ Tem :
jjQm jj jjQmþ1 jj jjQm jj

Taking into account the operator identity
and Eq. (B7), one gets

l
P

ðB7Þ
T k ¼ ðE−T Þ−1

k¼0

dm ¼ Ik ð x; XÞ−Ik;m
!ð x; XÞ
l
X
g
T k T m Q0 −jjQm jj mþ1 emþ1
¼T
1−g
mþ1
k¼0

½ð

Þ

¼ jjQm jj T E−T

ð

¼ jjQm jjT E−T
¼ jjQm jj

−1

−1

−1



em −

1
Tem
1−gmþ1

em −

1
ð E−T Þem
1−gmþ1

em −

1
g emþ1
em þ mþ1
1−gmþ1
1−gmþ1

½
Þ ½

ð Þ

¼ jjQm jjT E−T





l 

gmþ1 X
T k emþ1 −T k em :
1−gmþ1 k¼1

It follows from Eqs. (B7) and (22) that

hmþ1
dm ¼ i0 1−g

mþ1

B.5. Successive orders of scattering approximations

ðB5Þ

¼

hmþ1
i0 1−g
mþ1

l
X
k¼1

l
X
k¼1

hmþkþ1
hmþ1
hmþkþ1
hmþ1

gmþ1
emþk
gmþ1þk
g
−g
emþkþ1 −emþk þ mþ1þk mþ1 emþk :
gmþ1þk
emþkþ1 −

ðB8Þ
The upper bound to the error δm follows directly from Eq. (B8).
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Let κ and κm represent either canopy reflectance (κ = r, κm =
ρm) or canopy transmittance (κ = t, κm = τm). Integrating δm|μ|
over the upward (downward) directions and taking into account
Eqs. (22), (26) and (B6) one gets
djm ¼ jjdm jjj
l
hmþ1 X
hmþkþ1
g
¼ i0
jjemþkþ1 jjj − mþ1 jjemþk jjj
1−gmþ1 k¼1 hmþ1
gmþ1þk
l
hm X
hmþkþ1 xjmþ1þk gmþ1 xjmþk
¼ i0
−
1−gmþ1 k¼1 hm
gmþ1þk gmþ1þk gmþk
l
hm X
hmþk
g
¼ xi0
jmþ1þk − mþ1 jmþk
1−gmþ1 k¼1 hm
gmþk
l
hm jmþ1 X
hmþk jmþk jmþ1þk gmþ1
¼ xi0
−
1−gmþ1 k¼1 hm jmþ1 jmþk gmþk
hm jmþ1
¼ xi0
Sj;m ;
1−gmþ1
ðB9Þ
where
Sj;m ¼

l
X
hmþk jmþk jmþ1þk −jmþk gmþk −gmþ1
þ
:
hm jmþ1
jmþk
gmþk
k¼1

ðB10Þ
It follows from Eq. (B10) that |Sκ,m| ≤ (εκ,m+1 + εγ,m+1)sκ,m.
Estimate (23) can be obtained in a similar manner.
Appendix C. Simulation of the 3D canopy radiation regime
The domain V is a parallelepiped of horizontal dimensions
Xd, Yd, and height H. The top, δVt, bottom, δVb, and lateral,
δVl, surfaces of the parallelepiped form the canopy boundary
δV. Trees in V are represented by cylinders with the base radius
rB and the height H. Non-dimensional scattering centres
(leaves) are assumed to be uniformly distributed and spatially
uncorrelated within tree crowns. The extinction coefficient
takes on values σ(Ω) and zero within and outside the tree
crowns, respectively. The centres of crown bases are scattered
on δVb according to a stationary Poisson point process of
intensity d. The amount of leaf area in the tree crown is
parameterized in terms of the plant LAI, L0, defined as the
total half leaf (needle) area in the tree crown normalized by the
crown base area πrB2 . In the Flakaliden research area, its value
varies between 5 and 15. The canopy LAI is gL0 where g = 1
− exp(− πrB2d) is the ground covered by vegetation (Huang et
al., in press). A uniform and bi-Lambertian models are
assumed for the leaf normal distribution and the diffuse leaf
scattering phase function, respectively (Knyazikhin et al.,
2005; Ross, 1981). Leaf hemispherical reflectance and
transmittance are assumed to have the same value. The
stochastic radiative transfer equation is used to obtain vertical
profiles of horizontally averaged 3D radiation field Iλ(x,Ω)
(Huang et al., in press; Shabanov et al., 2000). A detailed
description of the stochastic model used in our simulations can
be found in Huang et al. (in press).
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