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LiDAR has the potential to derive canopy structural information such as tree height and leaf area index (LAI), via
models of the LiDAR signal. Such models often make assumptions regarding crown shape to simplify parameter
retrieval and crown archetypes are typically assumed to contain a turbid medium to account for within-crown
scattering. However, these assumptions may make it difficult to relate derived structural parameters to measur-
able canopy properties. Here, we test the impact of crown archetype assumptions by developing a new set of an-
alytical expressions for modelling LiDAR signals. The expressions for three crown archetypes (cuboids, cones and
spheroids) are derived from the radiative transfer solution for single order scattering in the optical case and are a
function of crown macro-structure (height and crown extent) and LAI. We test these expressions against wave-
forms simulated using a highly-detailed 3D radiative transfer model, for LAI ranging from one to six. This allows
us to control all aspects of the crown structure and LiDAR characteristics. The analytical expressions are fitted to
both the original and the cumulative simulated LiDAR waveforms and the CV(RMSE) of model fit over archetype
trees ranges from0.3% to 21.2%. The absolute prediction error (APE) for LAI is 7.1% for cuboid archetypes, 18.6% for
conical archetypes and 4.5% for spheroid archetypes.We then test the analytical expressions againstmore realistic
3D representations of broadleaved deciduous (birch) and evergreen needle-leaved (Sitka spruce) tree crowns.
The analytical expressions perform more poorly (APE values up to 260.9%, typically ranging from 39.4% to
78.6%) than for the archetype shapes and ignoring clumping and lower branches has a significant influence on
the performance of waveform inversion of realistic trees. The poor performance is important as it suggests that
the assumption of crown archetypes can result in significant errors in retrieved crown parameters due to these
assumptions not being met in real trees. Seemingly reasonable inferred values may arise due to coupling
between parameters. Our results suggest care is needed in inferring biophysical properties based on crown arche-
types. Relationships between the derived parameters and their physical counterparts need further elucidation.

© 2013 Elsevier Inc. All rights reserved.
1. Introduction

Forest structure plays an important role in forest ecosystems. Leaf
area index (LAI) is a meaningful structural parameter, since several
biological and physical processes are related to the total leaf surface.
For example, photosynthesis, respiration, transpiration, carbon and
nutrient cycles, and rainfall interception are functions of forest struc-
ture and LAI.

Active sensors such as LiDAR (light detection and ranging) canmea-
sure something approximating retroreflectance as a time or distance re-
solved signal over forest canopies. LiDAR therefore can serve as an
excellent tool to assess forest structure and the three-dimensional dis-
tribution of plant canopies (Koch et al., 2006; Lefsky et al., 1999;
Nelson, 1997; Vauhkonen et al., 2009). Although many studies have
examined the possibilities that LiDAR offers in structure assessment,
little work has been conducted on quantitative LiDAR data interpre-
tation, i.e. relating the LiDAR signal to the fundamental principles
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governing the scattered signal. Barbier et al. (2011) studied how canopy
structure interacts with physical signals (light) at forest stand level.
However, a better understanding of the physical underpinnings of
light interactionwith canopy structure at tree level is needed, for exam-
ple, to optimise fusionwith optical and LiDARdata. In this study,wewill
therefore look at single tree LiDAR signals in an effort to understand
the information content of such LiDAR signals. Here, the relationship
between LiDAR and vegetation structure is studied and quantified in
the nadir direction.

Many LiDAR studies are based on the assumptions of crown arche-
types and some examples are listed in Table 1. Ferraz et al. (2012),
Riaño et al. (2004), Lim et al. (2003) andNi-Meister et al. (2001) assumed
ellipsoidal crowns. North et al. (2010) andWang and Glenn (2008) used
both conical and ellipsoidal crown shapes to characterise the crown.
Goodwin et al. (2007) described crowns as hemi-ellipsoids and Koetz
et al. (2007) also assumed crowns were shaped as hemi-ellipsoids
when simulating large footprint LiDAR over simulated forest stands.
Hyde et al. (2005) used four archetypes to characterise the trees in
their study area: elliptical, umbrella-shaped, conical and cylindrical.
They used vegetation type as a proxy for crown shape, e.g. stands of
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Table 1
Examples of LiDAR studies using crown archetypes.

Reference Crown archetype

Ferraz et al. (2012) Ellipsoidal
North et al. (2010) Ellipsoidal & Conical
Wang and Glenn (2008) Ellipsoidal & Conical
Koetz et al. (2007) Hemi-ellipsoidal
Goodwin et al. (2007) Hemi-ellipsoidal
Hyde et al. (2005) Elliptical, Umbrella-shaped, Conical & Cylindrical
Riaño et al. (2004) Ellipsoidal
Lim et al. (2003) Ellipsoidal
Ni-Meister et al. (2001) Ellipsoidal
Sun and Ranson (2000) Ellipsoidal, Conical & Hemi-ellipsoidal
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pure red fir were assumed to be conical or pointed, while deciduous
crowns were assumed to be more rounded. Sun and Ranson (2000)
modelled crown shapes as cones, ellipsoids and hemi-ellipsoids. Kato
et al. (2009) did not make assumptions about some sort of archetype
but used a wrapped surface reconstruction approach based on the
LiDAR point cloud to generate the crown shape. A common approach
to describe the distribution of foliage within archetype crowns is to
use a turbidmediummodel, which assumes a constant leaf area density
throughout the crown (Koetz et al., 2007; North et al., 2010; Sun &
Ranson, 2000).

Earlier work on complex modelling approaches for LiDAR wave-
forms mainly focused on understanding some of the influences on the
waveform. Sun and Ranson (2000) presented a 3Dmodel for simulating
LiDAR waveforms from forest stands. Their results showed that LiDAR
waveforms are an indication of both horizontal and vertical structures
of forest canopies. Kotchenova et al. (2003) introduced a time-
dependent stochastic radiative transfer theory, which allowed for a
more realistic description of clumping and gaps. Ni-Meister et al.
(2001) used a hybrid geometric optical and radiative transfer model
(GORT) to interpret the LiDARwaveformswith respect to canopy struc-
ture and validated their findings using SLICER data. Gap probability was
identified as the most important link between canopy structure and
modelling LiDAR waveforms. LiDAR simulations in Blair and Hofton
(1999) suggested that multiple scattering in vegetation canopies did
not contribute significantly to the LiDAR waveform shape and several
other LiDAR modelling studies also assumed single scattering only
(Goodwin et al., 2007; Ni-Meister et al., 2001; Sun & Ranson, 2000).

Empirical relationships often make assumptions, which lead us
away from the fundamental scattering properties, making it hard
to relate the derived structural parameters to real canopies. In this
study we return to a limited number of assumptions based on radia-
tive transfer (RT). These assumptions are: crown archetypes, constant
leaf area density throughout the crown and first order scattering. We
adopt these widely-used assumptions in order to quantify their im-
pact in deriving canopy parameters from LiDAR observations. We
address the question of whether simple crown archetype assump-
tions can be used to model LiDAR scattering. If these assumptions
hold up, analytical expressions for LiDAR scattering would be pre-
ferred over empirical relationships, because those analytical solutions
will allow retrieval of crown parameters that are physically interpret-
able. If such crown archetype assumptions are shown not to be valid,
the analytical expressions will give insight into why this is and what
implications this will have for inverting LiDAR signals using these
assumptions. The main objectives of this paper are:

1. The derivation of analytical formulae that express LiDAR reflectiv-
ity as a function of crown macro-structure parameters and crown
leaf area density for a nadir configuration;

2. The testing of these formulae against realistic LiDAR simulations;
and

3. The quantification of impact of crown archetype assumptions on
retrieval of LAI.
Such formulae, for single trees, are potentially of great value them-
selves for understanding and deriving information. Solving for canopy
properties using analytical expressions allows crown structure to be
extracted from LiDAR waveforms. We present analytical expressions for
anadir configurationobtainedby solving the3D integral for photon trans-
port in a specific envelope crown shape. We test these expressions by
comparison with realistic LiDAR simulations of which all variables are
known. Various 3D tree models are created, which conform to the as-
sumptions underlying our analytical expressions. LiDAR signals from
these crowns are simulated using a Monte Carlo ray tracing radiative
transfer model. In this way, we can control all aspects of the crown struc-
ture and the (simulated) signal properties, which would not be possible
using measured LiDAR data. Trees with simple archetype crown shapes
are analysedfirst to fully understand thesewaveforms.More realistic rep-
resentations of broadleaved deciduous (birch) and evergreen needle-
leaved (Sitka spruce) trees are then considered,whichweuse to elucidate
some of the more interesting aspects of when and why simple models
might fail. Finally, we discuss the likely impact of assumptions of crown
archetypes on interpreting LiDAR signals and we outline ways in which
these impacts can be quantified. This work is of importance due to the in-
creasing requirement for accurate, physically-realistic retrieval of canopy
parameters from LiDAR data.

2. Methods

2.1. Describing LiDAR reflectivity as a function of tree structure

In this section, we derive analytical formulae to describe LiDAR re-
flectivity as a function of different structural tree parameters for a
nadir configuration. We use an approach based on the solution to
the scalar radiative transfer equation for a plane parallel medium,
which assumes vertical homogeneity within canopy layers and
Lambertian scattering from objects. We then adjust the solution for
the standard case for vertical heterogeneity inside the canopy. As a
result, we can describe light passing through archetype crown shapes
as cuboids, cones and prolate spheroids (hereafter referred to as
spheroids). Several LiDAR studies (Goodwin et al., 2007; Ni-Meister et
al., 2001; Sun & Ranson, 2000) assumed single scattering only and
LiDAR simulations over vegetation canopies in Blair and Hofton (1999)
suggested that there was no significant contribution of multiple scatter-
ing to the LiDAR waveform shape. We tested that for a spheroid arche-
type more than 98.5% of the returned LiDAR reflectance was coming
from the first order scattering when there was a single tree in the
LiDAR footprint. Testing over a canopy with multiple trees in the LiDAR
footprint showed a first order scattering domination of 91.1%. All tests
were done at wavelength of 1064 nm for plate leaf crowns using the
librat radiative transfer model with settings specified in Section 2.2.2. It
is therefore a reasonable assumption to only consider first order scatter-
ing (i.e. only one interaction with soil or canopy elements) in this study.

2.1.1. A solution to the scalar radiative transfer equation for a LiDAR signal
The solution for first order scattering in the optical case is used to

reconstruct the LiDAR waveform over a plane parallel canopy medi-
um theoretically (see Fig. 1). If Ωs is the direction of scattering and
Ω0 the direction of the incident LiDAR pulse then I(Ωs, z) is the re-
ceived single scattering energy by the sensor at depth z in direction
Ωs over a plane parallel canopy.

I Ωs; zð Þ ¼ e
−κe Ωsð Þ z− −Hð Þð Þ

μs ρsoil Ωs;Ω0ð Þe
−κe Ω0ð Þ −Hð Þ

μ0 I0d Ωs−Ω0ð Þ

þ I0
μs

∫Z¼z
Z¼−H e

−κe Ωsð Þ z−Zð Þ
μs e

κe Ω0ð ÞZ
μ0 P Ω0→Ωsð ÞdZ

ð1Þ

I0 refers to the incident radiation intensity on top of the canopy.
The volume scattering phase function is defined as P Ω0→Ωsð Þ ¼



Fig. 1. Overview of a plane parallel canopy medium: the top of the canopy is at z = 0
and the path of radiation has length l.

Fig. 2. The vertical cross section of conical crown. z is the depth with respect to the top
of the canopy and z′ is the effective penetration depth within the crown. R is the max-
imum crown radius at z = h. For a horizontal layer at depth z, the radius at this depth,
r, equals Rz

h . At this layer, r′ can be any intermediate position in the interval 0; Rzh
� �

.
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ul
μs
Γ Ω0→Ωsð Þ where Γ(Ω0 → Ωs) is the area scattering phase function.

The volume scattering phase function defines that part of the radiation
coming in the directionΩ0 which is scattered by a unit volume in a par-
ticular direction Ωs. The area scattering phase function is the part of the
radiation coming in the directionΩ0 which is scattered by a unit area in
a particular directionΩs (Ross, 1981). ul is the leaf area density function,
which describes the area of leaves per unit volume. μ is the cosine of the
direction vectorΩwith the local normal, Z, and accounts for path length
through the canopy. In this study, the sensor emits and receives LiDAR
pulses at nadir and therefore μs and μ0 were equal to cos(0°) = 1.
Both μs and μ0 need to be re-introduced to work out the equations for
off-nadir conditions. In the specific case of a LiDAR sensor, Ωs = − Ω0

and therefore this direction is calledΩ. The optical extinction coefficient
κe describes the probability per unit length that a photon encounters a
canopy element in the direction of travel. According to Ross (1981), κe
can be written as ulG(Ω). G(Ω) is the foliage orientation function and
equals the projection of a unit area of foliage on a plane perpendicular
to the direction Ω, averaged over elements of all orientations. LiDAR
sensors operate in the so-called hotspot, i.e. where view and illumina-
tion angles coincide. In this retroreflection direction the probability of
a photon being able to follow the samepath back up through the canopy
as it took on its way down through the canopy is 1 and therefore we
need to account for the joint gap probability.We are not only interested
in the final returned energy, but also in the intermediate interactions at
each level of z. Therefore Eq. (1) can be integrated with different limits
of [0,−z], where z is any value between 0 (i.e. top of the canopy: see
Fig. 1) and H (i.e. tree height). The received single scattering energy
by the LiDAR sensor, looking in a specific direction Ω, as function of
canopy depth z can be expressed as I(Ω,0,z). The 0 in I(Ω,0,z) indicates
that the LiDAR sensor is located above the canopy (z = 0 at the top of
the canopy);

I Ω;0; zð Þ ¼ e−G Ωð ÞulHρsoil Ωð ÞI0d Ωð Þ þ I0Γ Ω→−Ωð Þ
G Ωð Þ 1−e−G Ωð Þulz

h i
ð2Þ

The focus of this study is on describing the LiDAR waveform of the
crown, which is a plane parallel canopy in this section. For ease of ref-
erence, only the crown contribution of Eq. (2) will therefore be con-
sidered in the derivation of the analytical expressions, i.e.

I Ω;0; zð Þcrown ¼ I0Γ Ω→−Ωð Þ
G Ωð Þ 1−e−G Ωð Þulz

h i
ð3Þ

To reconstruct the LiDAR waveform, the contribution of each indi-
vidual infinitesimal horizontal crown layer is needed. This is achieved
by taking the derivative with respect to z:

dI Ω;0; zð Þcrown

dz
¼ I0Γ Ω→−Ωð Þule

−G Ωð Þulz ð4Þ
2.1.2. Interpretation of LiDAR waveforms over single crown archetypes
In this section we derive analytical expressions to describe LiDAR

waveforms over single crown archetypes for a nadir configuration.
An analytical description of the waveform is preferred over a numer-
ical approach, because it establishes a direct and stronger link with
effective crown structure parameters. In Section 2.1.1 we described
the analytical expression for a LiDAR waveform of a plane parallel
canopy medium, which implied that the whole of the LiDAR footprint
is covered by the canopy. This is not necessarily true when we use
single trees and therefore we will introduce a factor C that accounts
for the portion of the LiDAR footprint that is covered by the horizontal
crown extent. C is therefore the canopy cover, which can range from
zero to one.

Our approach treats the crown shapes as a summation of homoge-
neous annuli with equal effective penetration depth z′ centred around
the vertical axis (i.e. elevation axis). Unlike a numerical approach, the
vertical interval (i.e. the bin step) and annulus width are infinitesimal
and therefore the analytical expression can be seen as an integral.

By definition, the effective penetration depth (z′) within the plane
parallel canopy medium is constant throughout the extent of any hori-
zontal layer. The top of the canopy was earlier defined as the origin of
the z-axis (z = 0) and therefore the value z (the depth with respect to
the top of the canopy) is equal to the value z′ (the effective penetration
depth within the crown) for a plane parallel canopy. This is also true for
cuboid crown archetypes since the horizontal extent of each horizontal
crown layer is constant. This is not the case for irregular crown shapes
(conical and spheroid). For these crown archetypes the horizontal ex-
tent changes with depth into the crown, which is illustrated in Figs. 2
and 3 and discussed below.

2.1.2.1. Cuboid archetypes. The top of the crown in this case is a horizon-
tal plane and z′ is constant throughout the extent of any horizontal layer
(i.e. z equals z′ at any position in a horizontal layer). Therefore we can
describe the behaviour of photons passing through a cuboid crown by
introducing the canopy cover C to Eq. (4):

dI Ω;0; zð Þcrown

dz
¼ CI0Γ Ω→−Ωð Þule

−G Ωð Þulz ð5Þ

This expression can be solved for LAI by substituting AcoverLAI
Vtot

for ul
where Acover is the area of the tree cover projection and Vtot the total



Fig. 3. The vertical cross section of a spheroid crown is an ellipse described by1 ¼ r′2

a2 þ z″2

c2 where a is the semi-minor radius and c is the semi-major radius. z is the depth with respect
to the top of the canopy and z′ is the effective penetration depth within the crown. For a horizontal layer at depth z, the radius at this depth is r and r′ can be any intermediate
position in the interval [0,r]. (left) Upper hemisphere; (right) Lower hemisphere.
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tree volume. For cuboid archetypes this substitution therefore be-
comes ul ¼ LAI

h where h is the crown height.

2.1.2.2. Conical archetypes. In this case, within one horizontal layer at a
specific depth z, different parts of the crown will be subject to differ-
ent within-crown path length z′. Therefore the expression for the
general (cuboid) case needs to be adjusted for shapes which have dif-
ferent z′ values within a single horizontal layer. Based on Eq. (5), it
follows that

dI Ω;0; zð Þcrown

dz
¼ CI0Γ Ω→−Ωð Þule

−G Ωð Þulz′ ð6Þ

Each horizontal layer can be seen as the sum of infinitesimal annu-
li with constant z′. The reflectance of each annulus is the product of
Eq. (6) with its area. The total reflectance of a horizontal layer there-
fore is the integral over all the annuli. Fig. 2 illustrates that for a hor-
izontal layer at depth z, the radius at this depth, r, equals Rz

h . R is the
maximum crown radius at z = h. Therefore the integral needs to be
calculated for the r′ interval 0; Rzh

� �
, where r′ can be any intermediate

position in the interval. Normalising is achieved by dividing by πR2:

dI Ω;0; zð Þcrown

dz
¼ C∫r′¼Rz

h

r′¼0

I0Γ Ω→−Ωð Þul e−G Ωð Þulz′
� �

2πr′dr′

πR2 ð7Þ

From Fig. 2 it can be seen that z′ is a function of z and r′ : z′ ¼ z− hr′
R

and the integral (Eq. 7) can be solved, giving

dI Ω;0; zð Þcrown

dz
¼ C

2I0Γ Ω→−Ωð Þ
h2G Ωð Þ z− 1

G Ωð Þul
þ e−G Ωð Þulz

G Ωð Þul

 !
ð8Þ

This expression can also be expressed as a function of LAI by
substituting 3LAI

h for ul.

2.1.2.3. Spheroid archetypes. Based on Fig. 3, the equation of the ellip-
se (i.e. the vertical cross section of the prolate spheroid) can be
written as 1 ¼ r′
2

a2 þ z″
2

c2 and therefore z″ ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− r′2

a2

q
and r′ ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− z″2

c2

q
where (r′, z″) are the locations of the points on the surface of the enve-

lope that shape the ellipse. r′ is rewritten in terms of z as a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− c−zð Þ2

c2

q
and will serve as the upper boundary of the integral over r′. For
the upper hemisphere of the crown, z′ can be expressed as

z″− c−zð Þ ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− r′2

a2

q
− c−zð Þ. The expression for the spheroid case is

obtained similar to Eq. (7) since spheroids and cones both have circular
horizontal cross sections (for the spheroid case R = a).

dI Ω;0; zð Þcrown; upper

dz
¼ C

2I0Γ Ω→−Ωð Þ
G Ωð Þc

c−z
c

þ 1
G Ωð Þulc

−e−G Ωð Þulz 1þ 1
G Ωð Þulc

� �� �

ð9Þ

In Fig. 3 it can be seen that the expression for z′ for the lower
hemisphere is identical to the z′ expression for the upper hemisphere.
However, the limit for the upper border of the integration interval for

r′ is different: a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− z−cð Þ2

c2

q
. The expression for the lower hemisphere

is obtained analogous to the upper hemisphere of the spheroid
crown, i.e.

dI Ω;0; zð Þcrown; lower

dz
¼ C

2I0Γ Ω→−Ωð Þ
G Ωð Þc

 
e−2G Ωð Þul z−cð Þ z−c

c
þ 1
G Ωð Þulc

� �

−e−G Ωð Þulz 1þ 1
G Ωð Þulc

� �!
ð10Þ

Eq. (9) is used when 0 ≤ z ≤ c and Eq. (10) is applied when
c ≤ z≤ 2c. Both expressions can be written as a function of LAI by
substituting 3LAI

4c for ul.

2.2. Testing the analytical expressions

In the previous section, the analytical expressions of light passing
through a crown and back to the LiDAR sensor were described for
cuboid, conical and spheroid crowns. To test those expressions, a set



Table 2
Overview of the 3 experiments that are used to test the analytical expressions.

Testing Tree models Prior information
about crown height

Experiment 1 Inversion strategy Archetype
crowns

Available

Experiment 2 Crown signal
subset algorithm

Archetype
crowns

Unavailable

Experiment 3 Crown archetype
assumptions

Realistic
crowns

Unavailable
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of simplified trees with varying structural attributes is generated.
These generated trees are used to create LiDAR simulations to test
the analytical formulae. The modelled, detailed full 3D models allow
us to control all parameters and exclude uncertainty introduced by
e.g. scan angle, terrain or atmosphere.

2.2.1. Generating tree models
Three crown shapes are consideredwhen generating simplified tree

models: cuboids, cones and spheroids. Cuboid archetypes are specified
by height, width and length. In this case, width and length are equal
so the cross section for cuboid trees is square. Conical archetypes are de-
termined by the height and base radius of the crown. The spheroid ar-
chetypes are parameterised by the semi-major radius and semi-minor
radius and shape is obtained by rotating an ellipse around its semi-
major axis. The trunk underneath the crown is constructed by a single
cylinder, parameterised by its height and radius: the trunk radius is
fixed at 0.2 m for every tree and the trunk height is set to a quarter of
the crown height. Leaves are the only material present in the canopy
(no branches etc.) and are shaped as small disks with a radius of
0.01 m. This is similar to the leaf radius of 0.025 m assumed in (North
et al., 2010). Previous LiDAR studies (Koetz et al., 2007; Kotchenova
et al., 2003; North et al., 2010; Sun & Ranson, 2000) used a foliage orien-
tation function, G(Ω), of 0.5. Therefore we will use a uniform leaf angle
distribution and leaves are not permitted to overlap. The final parame-
ter used to parameterise the crown is the LAI. In this study, LAI ranges
from one to six and this parameter is interpreted as the one-sided
area of leaf surface per unit ground surface area (Jensen, 2007). The
leaf area density function ul is dependent on the position in the canopy.
When Nv is the leaf number density (i.e. the number of leaves per unit
volume) and Al is the leaf area, the leaf area density at depth z is
ul(z) = Nv(z)Al.

For the treeswith an archetype crown shape, Al is constant because all
the leaves had the same dimensions and the leaf angle distribution is uni-
form. The leaves are spread equally over the crown and therefore Nv is
constant as well. ul is therefore constant throughout the crown and
units are [m2/m3]. Three components are considered in the final tree
models: leaves, trunk and soil. Each of these elements has its own spectral
reflectance function. The functions used for these trees are similar to the
reflectance properties used in previous studies (Disney et al., 2006,
2010). The birch and Sitka spruce tree models that were utilised in
Disney et al. (2009) are used as realistic broadleaved deciduous and coni-
fer tree models. The three-dimensional birch models were derived from
the OnyxTREE© software (www.onyxtree.com) and were parameterised
with field data obtained in a birch forest in Sweden. Radiometric proper-
ties are the same as for the archetype tree models. The 3D structure of
Sitka spruce was derived from the PINOGRAM model (Leersnijder,
1992), modified as described in Disney et al. (2006).

2.2.2. LiDAR simulations
LiDAR waveforms are numerically simulated by a Monte Carlo ray

tracing (MCRT) approach. In this study the librat MCRT model, a li-
brary of C functions, is used. This model is based on the ararat/drat
MCRT model (Lewis, 1999) and has been tested in previous studies
against other models (Pinty et al., 2004; Widlowski et al., 2007) as
well as against observations (Disney et al., 2006, 2009, 2010). The
wavelength used for the LiDAR simulations is 1064 nm and the
scene reflectance is simulated as observed from nadir. The first
order scattering contribution over single trees is simulated. The
field-of-view (FOV), i.e. the angle which can be viewed by the sensor,
is set to 0.208° for all simulations. We use a large footprint of
20 m × 20 m. We prefer a square footprint, as opposed to the more
realistic circular footprint, since it makes simulations easier. The
shape of the footprint has no influence on the testing because we ex-
amine whole tree waveforms and the full horizontal extent of the
crown is covered by the footprint, regardless of its shape. The vertical
bin step is set to 0.1 m. Sampling characteristics are defined by 100
primary sample rays per sampling unit.

2.2.3. Testing of the analytical expressions using simulated LiDAR
waveforms

The analytical expressions for describing LiDAR waveform (Eqs. 5,
8–10) are tested by comparing them against the numerically MCRT
simulated LiDAR waveforms. The comparison is done for both the
original waveforms and their respective cumulative values. LAI pa-
rameter estimation from the waveforms is done by inversion of the
analytical expressions using the Levenberg–Marquardt algorithm
(Levenberg, 1944; Marquardt, 1963). The inversion is evaluated by
the coefficient of variation of the root mean squared error, CV(RMSE),
to determine the best fit. The CV(RMSE) is defined as the RMSE
normalised to the mean of the observed reflectance values. Unlike
the RMSE, CV(RMSE) is unitless. This allows CV(RMSE)s to be com-
pared to each other easily. Furthermore the absolute prediction
error (APE) is calculated. This is a measure of accuracy and is defined
as LAItrue−LAIestimatedj j

LAItrue
× 100%.

The analytical expressions are tested in three experiments and an
overview of these experiments can be found in Table 2. The inversion
strategy is tested in the first experiment. In this experiment, we use
prior knowledge of the tree and crown height to subset the crown sig-
nal from the whole tree waveform correctly. The inversion approach
does not require prior knowledge or assumptions about the crown
shape and has no land cover constraint. Once the crown signal is
extracted, we rescale the original crown extent from 0 to 100,
where 0 is the top of the crown (TOC) and 100 the bottom of the
crown (BOC). In reality, however, often no prior information about
tree and crown height is available. Therefore we introduce a simple
subset algorithm to delimit the crown signal from the whole tree
waveform. We test this subset algorithm in the second experiment
in which we evaluate its accuracy and precision with respect to the
LAI parameter estimation. This will lead to better insight on how sen-
sitive the analytical descriptions are when tree and crown height are
not known. The aim of the subset algorithm is to find the TOC and
BOC based on the comparison of the LiDAR reflectance value from a
certain bin with a certain threshold. The subset algorithm searches
the recorded waveform, starting at the smallest bin. The TOC is then
defined as the waveform bin before the first 3 consecutive reflectance
values above a certain threshold. The BOC is the first bin of the first 3
consecutive reflectance values below this threshold after the detec-
tion of the TOC. This threshold is subject to the noise in the simulated
signal. Monte Carlo methods provide a stochastic simulation and will
always contain (random) statistical variation, i.e. simulation noise.
Disney et al. (2000) discussed that this does not have to be a disadvan-
tage and the potential for deriving an understanding of the random
error in the simulation can be considered a major advantage over nu-
merical methods. The explicit representation of the canopy by a finite
number of objects, rather than the infinitesimal (and therefore infinite
number of) objects assumed in the general turbid medium approach,
and hence the analytical formulae derived here, will influence the
level of noise as well. The threshold we use in the subset algorithm is
defined as 0.1% of the median returned reflectance and this value
works for the level of noise in our simulations but remains a heuristic
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value. To determine thismedian, zero reflectance returns arefiltered out
first. Alternatively,more sophisticated approaches such asHancock et al.
(2011) could be used. In the third experiment we look at how these
formulae apply to more realistic 3D vegetation structures, which do
not fulfil all underlying assumptions of the derived formulae and have
no prior information about tree or crown height.

3. Results

The analytical expressions (Eqs. 5, 8–10) are a combination of a
scaling factor and a variable part, which is dependent on z. The scaling
factor is assumed to be constant for a specific archetype crown and
therefore it has no influence on the shape of its LiDAR waveform.
Results of the same archetypes with different macro-structure pa-
rameters show similar results. Therefore we will only discuss the
results of one example per archetype for the first two experiments.
Crown height for the discussed examples is 6 m; cuboid crowns
have a width and length of 2 m, conical crowns have a base radius
of 2 m and spheroid crowns have a semi-minor radius of 2 m.

The first experiment tests the inversion strategy that is used in
this study, i.e. the accuracy of the analytical expressions for describing
LiDAR scattering, tested against full 3D simulations of the same. The
results of these two experiments will indicate how well the analytical
expressions work when crown archetype assumptions are met.

The second experiment compares our new analytical expressions
for LiDAR waveforms against the simulated waveforms for archetype
trees with fixed LAI (4) with no prior information about the crown
shape. Fig. 4 shows the comparison of the analytical expressions
Normalised crow

Li
D

A
R

 r
ef

le
ct

an
ce

 (
no

rm
al

is
ed

)

0.0

0.2

0.4

0.6

0.8

1.0

cuboid crown conic

Simulated waveform Cuboid inversion

C
um

ul
at

iv
e 

Li
D

A
R

 r
ef

le
ct

an
ce

 (
no

rm
al

is
ed

)

0.0

0.2

0.4

0.6

0.8

1.0

cuboid crown conic

0 20 40 60 80 100 0 20 40

Normalised crow

0 20 40 60 80 100 0 20 40

Fig. 4. Testing of the analytical expressions against simulated waveforms for archetype crow
height (experiment 2). Crown depth ranges from 0 (top of crown) to 100 (bottom of crown)
waveform.
against the simulated waveforms for archetype trees with LAI 4 in
the second experiment. The figure shows the optimal fit based on
parameter estimation by the Levenberg–Marquardt algorithm. This
figure clearly demonstrates that when the archetype crown assump-
tions are met, the LiDAR signal over a specific crown archetype will
have a good fit with the corresponding analytical expression.

The inferred LAI values obtained by inverting the analytical ex-
pressions against the simulated waveforms of archetypes can be
found in Table 3 and the evaluation statistics of the analysis are
summarised in Table 4. The evaluation statistics from the first and
second experiment show that the inversion of the waveform of a cu-
boid or spheroid crown works best when the cumulative signal is
used. The average CV(RMSE) for the cumulative waveform inversion
of cuboid archetypes is 0.3% when crown height is known and 0.8%
with no prior knowledge of crown height. The CV(RMSE) for spheroid
archetypes is 0.3%, regardless of whether or not we know the crown
height. The APE of the inversion of the cumulative signal with no
prior knowledge of the crown height is 7.1% for cuboid archetypes
and 4.5% for spheroid archetypes. For conical crowns best fitting is
achieved on the cumulative waveform (CV(RMSE) less than 0.7%),
but the prediction based on the original LiDAR signal is more accurate,
with an APE of 18.6% when the crown height is not known. This can
also be seen in Fig. 5, which shows the MCRT simulated LiDAR wave-
forms of crown archetypes for LAI values ranging from one to six. This
is because the cumulative LiDAR signals for different LAI values in
conical crowns cover a smaller range of normalised LiDAR reflectance
than the original waveforms and are therefore less distinguishable.
Cumulative waveforms of cuboid and spheroid crowns are more
n depth (TOC=0)

al crown spheroid crown

Conical inversion Spheroid inversion

al crown spheroid crown

60 80 100 0 20 40 60 80 100

n depth (TOC=0)

60 80 100 0 20 40 60 80 100

ns (cuboid, conical, spheroid) with LAI 4 with no prior information of tree and crown
. (upper row) Analysis of the original waveform; (lower row) Analysis of the cumulative



Table 3
LAI estimation from the waveforms of crown archetypes based on the Levenberg–Marquardt algorithm.

LAI estimation

Cuboid crown Conical crown Spheroid crown

Original Cumulative Original Cumulative Original Cumulative

True LAI hAa hNAb hA hNA hA hNA hA hNA hA hNA hA hNA

1 1.02 0.89 0.98 0.85 1.06 1.50 1.02 1.75 1.10 0.92 1.12 0.96
2 2.01 1.83 2.02 1.87 1.71 2.14 2.01 2.77 2.06 1.87 2.09 1.91
3 3.04 2.80 3.04 2.85 3.08 3.54 3.05 3.73 3.07 2.87 3.12 2.92
4 3.93 3.61 3.95 3.73 3.98 4.26 3.95 4.36 3.98 3.74 4.01 3.78
5 5.12 4.66 5.08 4.82 4.80 6.30 4.97 7.08 5.06 4.66 5.09 4.69
6 5.98 5.42 5.99 5.69 5.68 6.19 5.68 6.35 6.19 5.73 6.21 5.75

a hA = prior information about h (crown height) is available: experiment 1.
b hNA = prior information about h (crown height) is not available: experiment 2.
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distinguishable (Fig. 5). These results from the first and second experi-
ment show that an archetype crown can be distinguished from among
the three archetypes through model fitting using the Levenberg–
Marquardt algorithm.

Fig. 6 gives an overview of the testing of the analytical expressions
against simulated waveforms of realistic 3D representations without
prior knowledge of the crown height (experiment 3). Two birch
trees and 2 Sitka spruce trees are used in this experiment, which
looks at how the analytical expressions perform when the crown ar-
chetype assumptions are not met. The statistics for the inversion of
the cuboid and spheroid expressions are summarised in Table 5.
Fitting a cumulative spheroid waveform works best for the first
birch case (Fig. 6a): CV(RMSE) is 3.1% against 8.9% for the cumulative
cuboid fitting. However, the prediction of the cuboid fit (APE 25.9%) is
significantly better than the prediction of the spheroid fit (APE
260.9%). The inferred LAI using the cuboid inversion is 5.4 and the in-
ferred LAI resulting from the spheroid fit is 15.3, with the true LAI for
this birch tree being 4.3. Similar findings are observed in a less ex-
treme way in the second birch case (true LAI 4.4, Fig. 6b), where a cu-
mulative cuboid fit with a CV(RMSE) of 3.6% has an absolute
prediction error of 39.4% (inferred LAI 2.7). Cumulative spheroid
fitting has a higher CV(RMSE) of 8.5%, but a better APE of 25.8%
(inferred LAI 5.5). The inversion of the cumulative spheroid expres-
sion leads to the best results for both Sitka spruce case studies
(Fig. 6c & d). CV(RMSE) is less than 8.1% but the absolute prediction
error is high, with a minimum of 60.7%. For the first Sitka spruce
tree, the inferred LAI of 3.3 is smaller than the true LAI of 8.5. The sec-
ond Sitka spruce case with true LAI 15.6 has a higher APE of 78.6%
with the cumulative spheroid inversion of the LiDAR signal leading
to an inferred LAI of only 3.3.

4. Discussion

Our results demonstrate that the analytical expressions for first
order scattering are able to reconstruct the simulated LiDAR wave-
forms over crown archetypes satisfactorily in most cases. The first ex-
periment gives similar results over the whole LAI range (1 to 6). We
show that the models based on crown archetypes fit the 3D simula-
tions less well when we do not have information on tree and crown
Table 4
Evaluation statistics of experiment 1 and 2: coefficient of variation of the RMSE and absolu

Cuboid crown Conical crow

Original Cumulative Original

hAa hNAb hA hNA hA

CV(RMSE) [%] 8.8 21.2 0.3 0.8 6.0
APE [%] 1.5 8.7 1.3 7.1 5.5

a hA = prior information about h (crown height) is available: experiment 1.
b hNA = prior information about h (crown height) is not available: experiment 2.
height (as will often be the case in practice). However, our results in-
dicate that when archetype assumptions are not met, models based
on these assumptions can still fit observed LiDAR signals quite well,
but, crucially, only by assuming unrealistic parameter values. In par-
ticular inversion of LiDAR signals over realistic tree crowns can lead
to estimates of effective LAI, which will depart from the true LAI.
Given the rapidly increasing use of LiDAR in studies of canopy proper-
ties, we discuss the implications for using LiDAR models to retrieve
and interpret canopy parameters.

Similar to findings in Ni-Meister et al. (2001), the key concept in
these analytical expressions is the gap probability and its dependency
on crown path length. The first experiment shows that the solved LAI
values for crown archetypes have apparently small absolute prediction
errors ranging from 1.3% to 5.5%. This shows that we established an an-
alytical method to retrieve LAI based on the crown signal of the LiDAR
waveform over crown archetypes. Not knowing tree and crown height
in advance (and hence the crown signal can be delimited less accurately
from the whole tree waveform) increased the absolute prediction error
only marginally compared to the prediction errors from the first exper-
iment. Results from the second experiment show that the prediction
error increases by 5.8% for cuboid crowns, 13.1% for conical crowns
and 0.1% for spheroid crowns. These marginal increases in prediction
errors suggest that when the inversion method is applied with no
prior knowledge of the crown extent or shape, it will still give an accu-
rate estimate of the true LAI.

The results from the third experiment illustrate the importance of
accurate crown signal detection within the whole tree waveform and
the effect of within-crown clumping. The second Sitka spruce case
(Fig. 6d) illustrates the importance of accurate crown signal detec-
tion. The simple subset algorithm we introduced fails to distinguish
between crown and the lower branches because it requires the
returned LiDAR reflectance to fall below a set threshold to detect
the BOC. The signal from the lower branches will fuse with the
crown signal and will indicate a wrong BOC. This will lead to a biased
input signal for the inversion algorithm and therefore optimal inver-
sion is not achieved. In the archetype trees, crowns were well defined
and no lower branching was present. Therefore the simple subset al-
gorithm to detect the crown signal in the whole tree waveform
worked well in those cases. The results with the real trees suggest
te prediction error averaged over LAI values one to six for crowns archetypes.

n Spheroid crown

Cumulative Original Cumulative

hNA hA hNA hA hNA hA hNA

6.0 0.4 0.7 5.3 5.4 0.3 0.3
18.6 1.9 32.4 3.3 6.0 4.4 4.5
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the need for a more robust method to delimit the correct crown signal
in more realistic circumstances. Also the effect of topography plays an
important role in the correct delineation of the crown signal from a
large footprint LiDAR waveform. If the tree is located on a sloping
terrain, the vegetation and ground return might overlap in the
LiDAR waveform (Hancock et al., 2012). Approaches to reduce the
effect of slope on the LiDAR signal could use a sensor design that is
susceptible to the differences in the traits of vegetation and ground,
such as multi-wavelength instruments. Alternatively, a digital terrain
model could be used to predict the influence of the ground signal on
the LiDAR signal.

The analytical expressions describe the LiDAR signal of a single
tree having the full horizontal extent of the crown covered by the
footprint. The shape of the LiDAR signal over multiple trees might be-
come less distinct. For non-overlapping crowns, the resulting wave-
form would be the summation of linear transformations of the
individual crown waveforms, which are quantified by the analytical
expressions for single crowns. We cannot deal with partial crowns
(other than the cuboid archetype) so the results are only directly ap-
plicable to waveforms that contain some integer number of trees. A
common approach to overcome this issue is by re-sampling smaller
footprint LiDAR to mimic large footprint waveforms over single
trees. Blair and Hofton (1999) aggregated high resolution small foot-
print elevation to mimic the footprint waveform of the LVIS instru-
ment. Popescu et al. (2011) and Muss et al. (2011) both used
discrete return LiDAR to create pseudo-waveforms. Popescu et al.
(2011) used simulated pseudo-waveforms from airborne LiDAR to
compare retrieval of aboveground biomass and forest structure be-
tween GLAS and airborne LiDAR. Muss et al. (2011) aggregated dis-
crete LiDAR height and intensity into larger footprints so they could
use the characteristics of traditional waveform LiDAR to asses forest
structure. Reitberger et al. (2008) used small footprint waveform
LiDAR in combination with tree segmentation to derive forest charac-
teristics at tree level. Such an approach would depend on the forest
type and how reliable trees could be isolated. Trees could be isolated
more easily in open forest types (e.g. savanna), but it will be more
challenging to isolate trees in denser environments (e.g. rainforest).
Tang et al. (2012) derived LAI in tropical rainforests from LVIS wave-
forms (25 m footprint) with moderate success (R2 ranging from 0.42
to 0.63) using the light transmittance within the canopy. The LVIS
footprint covered multiple trees and the formulae used in their
work implicitly assumed a crown shape equating to the cuboid
crown archetype. If we take their analysis as typical, then the assump-
tions we tested in our abstraction are no different from those used in
practice.

The plots in Fig. 6 illustrate that when the inversion method is ap-
plied to realistic tree crowns, which do not follow one of the assumed
archetypes quite closely, the analytical expressions do not work so
well. This may perhaps appear unsurprising: where the model as-
sumptions are not met, our simplified models fail to pick up key as-
pects of the LiDAR signal. However many of the current approaches
to modelling LiDAR signals in airborne laser scanning applications
use some sort of assumption of crown archetype (Table 1), and
these models of course allow retrieval of parameters such as LAI
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Table 5
Estimated LAI values and evaluation statistics for realistic 3D trees (experiment 3).

Birch: case 1 Birch: case 2 Sitka spruce: case 1 Sitka spruce: case 2

True LAI 4.3 4.4 8.5 15.6
Cuboid Original Estimated LAI 4.2 2.8 1.6 1.6

CV(RMSE) [%] 86.1 68.1 99.0 102.6
APE [%] 1.2 36.1 81.2 89.6

Cumulative Estimated LAI 5.4 2.7 1.3 1.3
CV(RMSE) [%] 8.9 3.6 16.6 17.9
APE [%] 25.9 39.4 84.9 91.7

Spheroid Original Estimated LAI 16.3 5.1 3.7 3.7
CV(RMSE) [%] 52.8 75.2 66.4 69.6
APE [%] 284.2 14.9 56.6 76.5

Cumulative Estimated LAI 15.3 5.5 3.3 3.3
CV(RMSE) [%] 3.1 8.5 6.8 8.1
APE [%] 260.9 25.8 60.7 78.6
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and crown height. Our results show that caution should be given to
the impact of such assumption on inferring biophysical parameters.
Fig. 6 suggests that, although assuming a crown archetype will pro-
vide a result, it can potentially be misleading when measured crowns
depart from the archetypes. Similar conclusions were drawn in
Calders et al. (2012), where LAI was inferred from realistic trees
with lower LAI values (LAI ranging from 0.3 to 3.1 for eucalyptus
and from 0.3 to 2.2 for birch).

The second birch case (Fig. 6b) is a good example of the effect of
clumping on the waveform. This effect is clearly visible in the original
LiDAR waveform. The cumulative waveform is more robust and hence
less affected by clumping. Severe clumping means that the assump-
tion of constant leaf area density is severely violated, so it is not sur-
prising that results are poor (Table 5). This is especially true in both
birch cases, where the best fitting archetype does not necessarily
lead to the most realistic inverted LAI value. The results from the
birch cases also illustrate the advantage of an inversion method
which does not make any prior assumptions about crown archetype
according to tree species as opposed to many current LiDAR studies.
A spheroid crown fits best for the first birch case, but a cuboid
crown provides a better fit for the second birch case. It is important
to stress that, as mentioned above, best fit does not equate to best
LAI inversion for the birch cases. In Kotchenova et al. (2003) a
time-dependent stochastic radiative transfer theory was introduced
to model the propagation of laser pulses in the crown and this was
solved numerically. The approach allowed for a more realistic de-
scription of the canopy structure including clumping and gaps. A
factor was used to describe the correlation between foliage elements
in different layers (vertical heterogeneity). Although additional im-
provements need to bemade to providemore accurate characterisation
of the probability density function, this probability-based approach has
the potential to improve our approach.

This work demonstrates the implications of crown archetype as-
sumptions on inferring biophysical parameters from LiDAR signals.
Canopy parameters inferred from realistic canopies using the arche-
type assumptions can be misleading as they are essentially effective
parameters. That is, these derived parameters may be consistent
with the assumptions of archetypes and hence allow inversion
against observations, but they will not correspond to physically-
measurable versions of these parameters. The key for applications
of such models is understanding how the effective parameters are re-
lated to the real ones. We suggest that an analysis of the departure of
the true waveform from the inverted waveform will provide more
knowledge about the vertical clumping of all crown constituents.
Clumping, along with the slope issue, is an area for future work. The
analytical expressions, together with a MCRT radiative transfer to
model LiDAR signals, are an ideal approach to further explore these
issues.
5. Conclusions

Our research demonstrates a method for exploring the assumptions
of crown archetypes, typically made when modelling LiDAR signals for
parameter estimation. A unique feature of this work is the development
of a new set of analytical expressions to describe LiDARwaveforms. An-
alytical expressions for three archetype crowns are derived based on
the radiative transfer solution for single order scattering in the optical
case. These expressions are tested against MCRT waveform simulations
using a curve-fitting optimisation approach. Using simulations enabled
us to control all aspects of the crown architecture and sensor properties
to test the implications of such crown archetype assumptions for infer-
ring LAI from LiDAR waveforms. Overall agreement is shown between
the expressions and simulated signals over simplified trees. LAI esti-
mates demonstrate only a small prediction error, even when there is
no prior knowledge of the crownheight for such trees.We then demon-
strated that the analytical expressions did not function well when ap-
plied to more realistic 3D representations of broadleaved deciduous
(LAI ranging from 4.3 to 4.4) and evergreen needle-leaved (LAI ranging
from 8.5 to 15.6) crowns, which depart significantly from the crown ar-
chetypes. Even if an archetypewaveformfits the realistic data, it can po-
tentially have very large (up to 260.9%, typically ranging from 39.4% to
78.6%) errors in inferred LAI. We suggest this discrepancy is largely
due to within-crown clumping of the crown constituents. Our results
indicate that assuming crown archetypes for parameter retrieval from
LiDAR may be problematic if within-crown clumping is not accounted
for. Such a negative outcome is of importance as LAI is closely related
to forest structure and plays an important role in forest ecosystems.
The increasing use of LiDAR for forestry suggest prudence is needed in
inferring LAI based on crown archetypes. These inferred values are
essentially effective parameters that will not be measurable in practice.
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Appendix A

Nomenclature
Γ(Ω0 → Ωs) Area scattering phase function
κe Optical extinction coefficient
Ω0 Direction of incident LiDAR pulse
Ωs Direction of scattering
C Canopy cover
H Tree height [m]
h Crown height [m]
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R Base radius of conical crown [m]
r′ An intermediate position along the radius axis
ul Leaf area density function [m2/m3]
z Penetration depth with top of the crown as reference

(TOC = 0)
z′ Effective crown penetration
Al Leaf area [m2]
a Semi-minor radius of prolate spheroid crown [m]
c Semi-major radius of prolate spheroid crown [m]
I(Ωs, z) Received backscatter by the sensor
I Intensity (radiance or brightness) [W m−2 sr−1]
Nv Leaf number density [leaves/m2]
P(Ω0 → Ωs) Volume scattering phase function
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